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Editor’s Preface

The method of fractional steps, known familiarly as the method
of splitting, is a remarkable technique, developed by N. N. Yanenko
and his collaborators, for solving problems in theoretical mechanics
numerically. It is applicable especially to potential problems, problems
of elasticity and problems of fluid dynamics. Most of the applications
at the present time have been to incompressible flow with free bound-
aries and to viscous flow at low speeds. The method offers a powerful
means of solving the Navier-Stokes equations and the results produced
so far cover a range of Reynolds numbers far greater than that attained
in earlier methods. Further development of the method should lead to
complete numerical solutions of many of the boundary layer and wake
problems which at present defy satisfactory treatment.

As noted by the author very few applications of the method have
yet been made to problems in solid mechanics and prospects for answers
both in this field and other areas such as heat transfer are encouraging.
As the method is perfected it is likely to supplant traditional relaxation
methods and finite element methods, especially with the increase in
capability of large scale computers.

The literal translation was carried out by T. Cheron with financial
support of the Northrop Corporation. The editing of the translation
was undertaken in collaboration with N. N. Yanenko and it is a plea-
sure to acknowledge his patient help and advice in this project. The
edited manuscript was typed, for the most part, by Mrs. Arlene Martin
while many graduate students in this Division assisted in setting and
checking equations. The author and editor wish to thank all these
helpers and express their appreciation to the staff of Springer-Verlag
for the printing and arrangement of the translation.

Berkeley, November 1970
Maurice Holt



Preface to the English Edition

The author is happy that his book is now available to English-
speaking mathematicians. In the three years since the publication of the
original Russian edition the method of fractional steps has been rapidly
developed. Unfortunately, the author was unable to introduce in the
English edition of the book any essential changes which would reflect
the present development of the method. He has simply given some
bibliographical supplements with brief comments.

Works published recently and those which escaped the author’s
attention earlier have only confirmed him in the opinion that the
method of fractional steps is in fact a necessary. stage in the develop-
ment of computational and theoretical mathematics. Evidence for this
is to be found in the remarkable similarity of concepts in various branches
of mathematics: the theory of semigroups, the notion of weak approxi-
mation and the correctness of the Cauchy problem for differential
equations, the decomposition principle for differential inequalities and
linear programming, splitting schemes in gas dynamics and the PIC
method, factorized schemes in mathematical physics and economical
analog devices. Such interconnection between seemingly heterogeneous
subjects provides evidence not only of the unity of mathematics but
also of the fundamental fact that the construction of algorithms and their
optimization are now the most important objects of mathematics.

The author is deeply grateful to Prof. M. Holt for the initiative taken
in this edition and for the great attention he paid to the delicate problem
of translating new and, sometimes, rather exotic Russian mathematical
terms. He expresses his gratitude to Y. I. Shokin and A. N. Valiullin
for valuable help in the checking of the manuscript.

Novosibirsk, November 1970
N. N. Yanenko

Preface to the Russian Edition

The subject of this book is the method of fractional steps; it was
first conceived several years ago and has since been developed rapidly
as a means of constructing economical difference schemes.

The method of fractional steps enables us to solve problems which
could not be treated by means of ordinary difference schemes—schemes
of simple approximation, where at each step conditions of stability and
consistency must be satisfied. This leads to a great simplicity of formulae;
however, the schemes become less flexible, contain a smaller number of
arbitrary parameters and, by the same token, cannot satisfy all the
requirements which are imposed. On the other hand, in the scheme of
fractional steps the transition from one stage of the calculation to the
next is divided into a series of intermediate steps and it is not required
to satisfy conditions of consistency with the original equations and
stability criteria at each stage. As a result, this method allows for a
choice of parameters which makes possible the construction of economical
and exact schemes.

The method of fractional steps appears as the answer to a real
need arising in numerical calculus—to create simple economical schemes
for the solution of complicated problems of mathematical physics in
several variables.

Beginning with the basic work of Peaceman, Rachford and Douglas
(1955), the method was extended and improved in the works of American
and Soviet authors: Douglas, Rachford, Baker, Oliphant, K. A. Bagri-
novskii, S. K. Godunov, E. G. D’yakonov, G. I. Marchuk, A. A. Samar-
skii, and others.

At the present time the method of fractional steps is an essential
element in the construction of schemes for solving complicated problems
of mathematical physics in several variables. In spite of the fact that
the method of fractional steps can still be further developed and has
not yet received full theoretical justification, it is already used, not
only as a means of construction of optimal algorithms, but also as an
instrument of theoretical investigation of difference and differential
equations.



VI Preface to the Russian Edition

The book is based on a course of lectures given by the author in
the State Universities of the Urals, Novosibirsk, Tomsk and Kazakhstan
from 1959 to the present time. The book is an attempt to interpret and, if
possible, to give a unified presentation of the many schemes of fractional
steps, which otherwise can only be found in journals and proceedings.

The author has tried to take into account, as far as possible, all works
contributing to the development of the method of fractional steps but,
obviously, the interpretation of the subject is not uniform and reflects
the personal tastes of the author. In particular, the book does not deal
with methods of a priori accuracy evaluation. The author uses the
simpler methods of harmonic analysis of convergence. Also, the theory
of local convergence criteria is given only cursory consideration. The
author has concentrated most of his attention on methods of construction
of effective schemes.

The book reflects equally the personal results obtained by the
author and those of his collaborators. The author is particularly
pleased to recall the joint work carried out with teams of young mathe-
maticians, who studied the first implicit splitting schemes for the solu-
tions of various problems of mathematical physics,"and used them
successfully in numerical applications. Particular mention should be
made of N.N. Anuchina, V. A. Enal’skii, A.S. Zharikov, A. 1. Zuev,
A. N. Konovalov, V. E. Neuvazhaev, Yu. Ya. Pogodin, V. A. Suchkov,
V. D. Frolov.

In 1962 there was a discussion in which E. G. D’yakonov, A. A. Sa-
marskii, and B. L. Rozhdestvenskii took part. This resulted in a more
profound understanding of the role of boundary conditions in the evalua-
tion of the accuracy of schemes of fractional steps, and gave the impetus
to the production of a whole series of works.

Joint work and frequent discussions with G.I. Marchuk and the
following research workers in the Siberian Branch of the Academy of
Sciences of the U.S.S.R.: Yu. E. Boyarintsev, G.V.Demidov, V.P.
Il'in, B. G. Kuznetsov, M. M. Lavrent’iev, V. V. Penenko, Yu. N. Va-
tolin, led to further applications of the method of fractional steps and its
theoretical justification. Considerable help in the checking of the ma-
nuscript was given by A. N. Valiullin. To all these comrades the author
expresses his gratitude.

The author hopes that the book will be useful for scientific workers
concerned with solving problems of mechanics and physics in several
variables, and also for students of advanced courses in the Universities,
specializing in computational mathematics. ‘

Novosibirsk, November 1965
N. N. Yanenko
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Chapter 1
Uniform Schemes

1.1 The class of problems under investigation
The Cauchy problem in Banach space

In this course of lectures we consider pri
_ : imarily the syst iffer-
ential equations of the type i d ystem of differ

du(x, t)
where ot = LD)u(x g + f(x,1), (1.1.1)
u(x,t) ={ul(xl,...,xm,t),ug(x,,...,xm,t),...,u,,(xl,...,xm,t)},
f(x’t)={fl(xl:"'»xm;t)’f2(xl;---,xm;t) fn(xl: ..,xm;t)}

are vector functions of the vector space variable x = (x, %) and
sy X

of time ¢; L(D) is a matrix linear differe i
ntial :
coefflclents D ={D}, D, =ojox,, i =1, .. ’:perator with variable

Eq. (1.1.1), when written in suffix notation, has the form

Ous(%y, ..., %,,8)
6t =jza‘aija1...am(x1,---,xm, t) Di“‘-.. l
DR ui (%, X, B) filtr, ooy %, 8, (1.1.2)
0 <oy < g, R=1,...,m, i,1=1,...,n. [

For the system (1.1.1) we can pose the Cauchy problem for the strip
|*] <0, 0<t<T< o0,
with initial conditions
. #(x, 0) = uy(x) (1.1.3)
or the mixed Cauchy problem in a cylinder
Q2=GxH,

Where G is some region within the hyperplane ¢ = 0 with a boundary
= {0 <¢ < T}. In the second case to the initial data v

u(x,0) =u(x), xeG, (1.1.4)
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certain boundary conditions should be added, which are satisfied on the
lateral surface I' =y x H of the region £

IDyu = ¢(x,8). (1.1.5)

Here I(D) is some differential operator which depends on symbols
D, = 8/dt; Dy,...,D,; and ¢@(x,?) is the vector function defined
on I

Below, only the Cauchy problem in a strip is considered, and the
mixed Cauchy problem is mentioned only in specific examples. This
eliminates the need for analysis of boundary conditions. In the majority
of cases the Cauchy problem under consideration possesses a periodic
property; i.e., the coefficients, the second term on the right f(x, ¢), the
initial data, and in consequence, the solutions, are periodic functions
of x.

We shall consider the more general Cauchy problem when initial data
are given at the time #;, 0 < ¢, < T, and it is required to find the solution
of u(x,8) of the system (1.4.1), for all ¢, £, <¢ < T, which tends con-
tinuously to the function ‘of the initial data u(x,#) as £ - ;.

It is assumed that the Cauchy problem has a unique solution for
all instants of time £, 0 < #, < T and that all derivatives of the solution
#(x, t) appearing in Eq. (1.1.2) are continuous provided that the function
of the initial data «(x, ¢,) is a sufficiently smooth function of x. Such a
solution is called classical. Denote the function u (%, #) by % (), consider ¢
as the parameter, and the function #(x, ) as the element of a set of
functions of x at fixed £. In this sense the one-parameter set of elements
u(t) corresponds to the solution u(x, ) of the system (1.1.1). The oper-
ator L(D) and the function f(x, #) in Eq. (1.1.1) are denoted by L (¢, D)
and f(#), respectively.

Let « () be the classical solution of the homogeneous Cauchy problem

“(f = 0) with initial data #(#). Due to the assumption mentioned above,
the relation
u(ty) = S, b)) ult), 0<t <t <T, (11.6)

for a sufficiently smooth function #(#;) determines the linear transfer
operator S(t,, t).

Let us assume that there exists a Banach space B of functions of x
in which some set of smooth functions forms a dense class, and that the
relation (1.1.6) could be applied to the functions of B. According to
a known theorem concerning the expansion of operators this is possible,
provided the operator S (4, 4;) is bounded on smooth functions. All evalu-
ations of operators are given in norms of the space B.

Definition. The problems (1.4.1) and (1.1.3) are well posed if
[S¢ o <M(T, o0<i<T. (11.7)

1.1 The class of problems under investigation 3

The system (1.1.1) is correct if
| St t)| <M(T), 0<ty<t,<T. (1.1.8)

The system (1.1.1) is uniformly correct if
St )| <exta- (1.1.9)

for all b, t, which satisfy the condition 0 <t <ty < T, where x is a
constant which depends only on T.

It is clear that a uniformly correct system is correct and that, if the
system is correct, the Cauchy problem is well posed.

Below, only uniformly correct systems are considered. The property
of correctness provides the law of composition for the family of bounded
operators S (4, )

S(ts, t2) = S(ts, ta) S(ta, 1,). (1.1.10)

Egq. (1.1.10) represents the Huygens-Hadamard principle; namely,
the successive solution of the Cauchy problem within the intervals
to, 41 t, bas o« 5 b, By, IS equivalent to the solution of the Cauchy prob-
lem within the interval £y, £,,.

It is also assumed that the condition of strong continuity of the
operator S(f. #) is fulfilled

IS¢+ v, u—u|»0, v-0, (1.1.41)
for arbitrary #, € B and ¢.
A set of operators S (¢, ¢;) which satisfies conditions (1.1.9), (1.1.10),
and (1.1.11) forms a semigroup!. The Cauchy problem in Banach space
is considered in Ch. 10.

Below, we will use the following notation: C, is a space of p-fold
continuous differentiable functions with the norm

lullc, = max dlal.]w]. ..., Juw], (1.1.12)

L, is a space of functions of which the p-th potence is integrable, with

ﬂﬂ%=VﬂMwi (1.4.13)

Ir} the special case C = Cy, C is the space of the continuous functions
with the maximum norm

-~ the norm

[«]c = max ul. (1.1.14)

1 See [2, 4] and [99] for the solution of the Cauchy problem and the
theory of semigroups, and also [1] and [72] for information regarding the
functional analysis.
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1.2 Uniform schemes
Let
un+1 oy

= Al yrtl + Aa u" 4 F" (1.2.1)

T
be a two-layer difference scheme which corresponds to system (1.1,1).
Here
w(x) = {; (%1, ..., %0, 07)}, F(x) = {Fi(%1, ..., %m, n7)}
are vector functions; Ay = A4(¢, 7,4, T), Ay = A8, T, h,T) are
matrix difference operators with variable coefficients,

T={Ta}: =—’%;—%+1,---»‘Iu-
The shift operators T, are determined from formulas

Tith(y, ooy Zm) = %y, .., % + hiy o, %) (
T_,-'M(xl,...,xm)=u(x1,--‘:xt"‘hir---:xm); T_i=Ti-1, R

Eq. (1.2.1) in suffix notation is

B4l a0
B S bip T ) T T
j!ﬂ

+ %’Cijﬂl...ﬁm 9. .. Tiru} + F7, (1.2.3)
Js :

where the indices f§, (s = 1, . . ., #) can be positive or negative integers.

We introduce a series of concepts. The schemes of type (1.2.1) are

called uniform because the approximation of (1.2.4) is of a uniform

nature regardless of the point %, ¢. (The uniform scheme was discussed in

the work of A. N. Tikhonov and A. A, Samarskii [93].) The scheme (1.2.1)

is called explicit, if the operator E — 7 A, in the space of network func-

tions is represented by a matrix with one diagonal, and is called

implicit in the opposite case. The operator A is called singular if, for
. any smooth function f, we have

|4f] =4, a>0, 4>0,
where 4 does not depend on % = maxh;.

The operators A, A, are called finite if |8,| < Q where @ does not
depend on v and /4. Note that the operator which is inverse to a finite
operator is not, in general, a finite operator.

In practice the terms in Eq. (1.2.1) are evaluated at network points,
and the notation of Eq. (1.2.3) therefore should be supplemented by
expressions referred to network indices
u?k:.l.‘k

n
m Uik,.. .k

- == 3 biigy. . B Wit Breiim + i
/B

+ 'Zﬂ'Cijﬁl...ﬁmu;tk1+131...km+ﬁm + F?kl...kmr (12.4)
b

1.2 Uniform schemes 5

where the indices &, ..., &, fix thé point
x1=k1h1,..., Xm = R B
In a theoretical study we consider the operators A;, A, to be acting

in the same space as the operator L of (1.1.1), and the functions %" (x)
to belong to B. Let us take as the initial condition for (1.2.1):
u® (%) = uy(x). (1.2.5)
Let w*(x) be the solution of the homogeneous Cauchy problem (1.2.1)
and (1.2.5), (F* = 0); then the equation
wil(x) =Ct, bt +7,0) uwr(x), t=mnrt, (1.2.6)
determines the difference step operator C(z, %; ¢ + 7, ¢); while the equa-
tion
wr(x) = C(t,h;ty, ) um(x), O0<tzr=mr<t=nt<T, (127
determines the difference transfer operator C(r, 4;t,,1,).
We also write
Com=Clr,h;ts,8); t2= , b= ;
Al ) h=n7, h=mT (1.2.7')
Cn = Lnn-1-
Definition. The Cauchy problem (1.2.1) and (1.2.5) s correct, if
[C.ht, 0| <M(T), o<t=nt<T, (1.2.8)
4+ <1, M(T <o, -

where T, is some sufficiently small constani. The scheme (1.2.1) is correct,
if
[Ce, hste, ty) | < M(T),

(1.2.9)
O0<th=mr<tbhb=nt<T, M(T <o,
and is uniformly correct, if
Clz,h;ty, ty) || < ewte—ty),
[Ct hite, t)] <e (1.2.10)

O0<th=mr<t,=n1t<T,

where w s a constant which depends only on T. The scheme (1.2.1) is
stable if

ICE bt t)] <1, O0<t=mr<ty=nt<T; (1.241)
s asymptotically stable, if
[C@, hste, )| >0, o~ o0; (1.2.11")
and is strongly stable if
"C(‘r,h;t+1:,t)||_<_1—e(t,h,T), £>0,

1.2.12
e—=>0 for v,h—>o. ( )
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These definitions can easily be extended to apply to the case of
variable step size

Tl=t1—to, Tz=t2—t1,..., Tn=tn—tn—1-
Definition. The scheme (1.2.4) is consistent with Eq. (1.1.1), ¢f

IC(z, hs t + 7,8 — S(t+ 7, 8)] ulx, b)]
T

-0 (1.2.13)

as T — 0 uniformly with respect to t, 0 <t < T, for smooth solutions
u(%,t) of the problems (1.1.1) and (1.1.3).

Definition. The solution w*(x) of the problem (1.2.1), (1.2.5) converges

to the solution u(x, 1) of the problems (1.1.1), (1.4.3), #f, pulting t = nt,

|un@) — w@x, nv)| = |[C(x,h;n7,0) — S(nv,00]u]| - 0 (1.2.14)
as v 0 uniformly in the interval 0 <t < T for arbitrary uye B 1,

Definitions of correctness, consistency, and convergence require the
statement of law of proceeding to the limit

h=h(r), h-o0, T-0. 1.2.15)

These are applicable to expressions (1.2.8)—(1.2.14).

Definition. The scheme (1.2.1) is unconditionally (absolutely) correct if
it is. correct for any law of proceeding to the limit t,h — 0, i.e., the
condition (1.2.9) is valid within the quarter circle

e+ h<tt >0, k>0 (1.2.16)

for sufficiently small v,. The scheme (1.2.1) is said o be conditionally
stable tn the opposite case, i.e., if the condition (1.2.9) is not fulfilled for
an arbitrary law of proceeding to the limit.

In the case of conditional correctness condition (1.2.9) is valid
within some incomplete neighborhood of zero in the quarter circle
(1.2.16), the boundary of which passes through the point (0,0).

The distinction between stability and strong stability is defined in
the same way as that between absolute and conditional uniform cor-
rectness.

Definition. The scheme (1.2.1) is absolutely consistent with Eq. (1.1.1)
if condition (1.2.43) Is satisfied in the neighborhood (1.2.16), and is con-
ditionally consistent in the opposite case.

Absolute and conditional convergence are defined analogously.

1 We have defined convergence for ¢ = # 7. But with the restriction
on C,,, convergence for ¢ = »n v implies convergence for all ¢.

1.2 Uniform schemes 7

Convergence theorem!. I} (i) the difference and the differential Cauchy
problems are correct; (ii) the operator A, + Aq approxsmates L Ay + Ay ~
~ L; (iii) |(E = 7 A)"| < N(T), then the difference solution of the
Cauchy problem (1.2.1), (1.2.5) converges to the solution of the differential
Cauchy problem (1.1.1), (1.1.3).

Proof. Let u(x, t) € C, be the solution of (1.1.1), (1.1.3), correspond-
ing to the initial condition #,(x) € Cp, and %" (%) be the solution of the
difference problem (1.2.1), (1.2.5) with the same initial conditions.

The quantity

v (x) = un(x) — u(x,n7) (1.2.47)
satisfies the difference equation
P Ay ot 4 Ay vn + Ruga, (1.2.18)

T
where

Ry = _{u[x, (n + 1);] —uFx,n1)

—Ayulx, (n +1)7] — Agu(x, nr)} (1.2.19)

with initial data

¥ = 0. (1.2.20)
According to condition (ii) (approximation condition) we have
max ” R, " -0 (1.2.21)
n

as T — 0. Using condition (iii) of the convergence theorem, Eq. (1.2.18)
can be represented in the form:

il = Cn+1 "+ Y1, ) (1.222)
Crs1=(E —TA) Y (E+74), ths1=7E — 7A3)" Royq. (1.2.23)
It is easy to verify the expression
n
= Cpo?® + 3 Crsta, (1.2.24)

oml
where

Cra = CCrrze.Cast. (1.2.25)

It follows from the correctness condition that
ol < FCanl [o#] + 3 [ uul ]

< ”TNM,(_I}‘,?_’_‘,,JIRI«" = tMNkjE*_‘_"‘,n"Rk" (1.2.26)

! Analogous convergence conditions were obtained for the first time by
V. 8. Ryaben’kii [5] and N. N. Meiman [6]. For simplicity we consider only
the case f = F = 0.
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and from this we have
”v"” -0, as 720

uniformly in the interval (0, T). This is the required proof.

Equivalence theorem!. If the scheme (1.2.1) is consistent with Eq.
(1.4.1), then in order to make the solution uw"(x) of the problem (1.2.1),
(1.2.5) converge to the solution w(x,t) of the correct problem (1.1.1), (1.1.3)
in B, it is necessary and sufficient that the problem (1.2.4), (1.2.5) be
correct.

The correctness of the difference problem is an independent re-
quirement which does not follow from the approximation properties.

It is proved below in the case of an equation with constant coefficients.
Let

9

~= =L(D)wu (1.2.27)
be an equation with constant coefficients, where # is a scalar function
of %y,...,%u, ¢

is a polynomial in the differential operators D;.
A simple correctness criterion is satisfied in this case. Consider the
harmonic function B '
U = uy et+tikz g, = const, (1.2.29)

where % is a vector with integer components and % x is a scalar product.
In order to make Eq. (1.2.29) the solution of Eq. (1.2.27) it is necessary
and sufficient that w and % be connected by the following relation (the
so-called dispersion or characteristic equation)

o=L{@k). {1.2.30)
The system (1.2.27) is correct in L,(— =, ) if, and only if
Rew (k) < (1.2.31)

for all &, where y, is a constant which does not depend on &.
Let .
untl — gy A n
LARSL N (T) u (1.2.32)
be an explicit uniform scheme consistent with Eq. (1.2.27); 4/k is some
approximation to D, for example,
4, _T—E o
i

! The equivalence theorem has been proved by P.D. Lax [3, 4] for
homogeneous equations. It was extended to non-homogeneous problems
by R. D. Richtmyer [7].

L(D) = X @y...cn Dir. .. D (1.2.28) ~

1.2 Uniform schemes 9

Then Eq. (1.2.29) may be the solution of Eq. (1.2.32), under the condition
(difference dispersion equations)
em‘r -1 _ eiklh -1
=L ( h )
eik,h, —1 \®m e”cm"m — 1 \om
= ; Bos...om (__hl ) e (————hm ) . (1.2.33)

The necessary and sufficient correctness condition for the scheme
(1.2.32) is the inequality

Rew(z, h, k) < po, (1.2.34)

where w is determined from Eq. (1.2.33); us does not depend on %, 7, k.
For a bounded value of 2 < K

w(t,h, k) > w(k) =Ltk as v,h—0 (1.2.39)

and consequently, the dispersion equation (1.2.33) approximates
Eq. (1.2.30) for the class of functions having a finite Fourier transform,
and the difference scheme (1.2.32) will be correct for this class.

However, in practice the situation is different: v and % are small
but finite and k is as large as we please or sufficiently large!. It follows
that w(z, 4, k) could differ arbitrarily from e (%), and condition (1.2.34)
would not follow from condition (1.2.31).

A harmonic stability analysis is very useful for equations with con-
stant coefficients. As opposed to the s-schemes, in which a perturbation
of initial data at an individual network point is considered together
with analysis of its further propagation in the phase space (%y, . . ., %, £},
in harmonic analysis we consider an initial perturbation of the harmonic
type

du = 6,“0 gilamitkezet. .. thmam)

and investigate its further propagation. The harmonic criterion of stability
may be formulated in the following form: if the amplitude of each har-
monic perturbation increment is not stronger than e#t, then the scheme
is correct. Perturbation of the type du, ¢i**a* in the initial data or in
the process of calculation (round-off error) is called the error with
respect to x;, a perturbation of the type du, ¢?**=* is called the error
with respect to x,, etc.

Thus, the difference schemes should satisfy the following two inde-
pendent requirements:

(i) consistency,

(i) correctness.

et

o 1 If the difference problem is considered in the same space B as the
Initial Cauchy problem, then % is as large as we please. If the difference
scheme is considered in the space of a network function then % ~ 1/k.
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As will be seen later, these requirements are not only independent
but they also contradict each other to a certain extent.

In addition to requirements (i} and (ii), difference schemes should
also satisfy a series of requirements which are less categorical but necessary
in practice.

In the first place there is the economy of the scheme, in other words,
the economy of the computer time required. Economy of difference
schemes is not only a means of saving machine time, but in certain
cases, is an essential requirement for carrying out the scheme in program
form. ,

The criteria of consistency and correctness become complicated
when applied to the integration of nonlinear partial differential equations.
Therefore, it is almost mandatory that the scheme satisfy conservation
conditions!. '

These requirements could be added to, but one fact is clear; namely,
that the construction of a good difference scheme is a very complex
problem.

1.3 Examplés

We shall illustrate this introduction with certain examples. Let us
consider four schemes for the integration of the heat conduction equation

ou — g 8%u

T =a s, 4= const * 0. (1.3.1)

(i) The “cross” scheme (Richardson scheme):

nt+l __ n—1
e Alh‘:-l w, Ay=Ty—E, A,=E —T_. (13.2)

It is easy to verify that this is of second order. Assume that p = ev=,
Then the dispersion equation for scheme (1.3.2) is

att

g2+8rsin2£2£-g—1=0; r=— (1.3.3)

It follows from this that

3
01,2 = —4r sin? -{;—h + V(4r sin? k—;’—) + 1.

The norm of the step operator is 4r + ]/1 + (47)%. For any 7, %, scheme
(1.3.2) is absolutely unstable. Therefore, the “cross” scheme is abso-
lutely consistent but is absolutely unstable.

1 A difference scheme is called conservative if its conservation laws are
satisfied identically.

1.3 Examples 11

(if) The “rhombus” scheme (Dufort-Frankel scheme):

.un+1 — yn-1 2
o — =T+ Toywr — (e a )] (1.3.4)
The scheme can be reduced to the form

_a a?? ur+l _ oyn + ur—1 ,-
= -}-LE-AIA_I‘M"— 7z p . ('134)

un+1 . uﬂ—l
2T

The dispersion equation is then
° 4rv cosk h 27 — 1
TTi+xzr OV 2
It follows from this that
_ 2rcoskh +V(@2rcoskh)* —4r2 +-1 _ 2vcoskh £V1—¢

27 + 1 2 +1 ’

= 0.

where
e =4rsin®kh > 0.

If ¢ > 1, then roots g, and g, are complex conjugates and they have

the modulus
2r — 1
[t <1

If e<1, then V1 —e =8 <1,

2 kRh 4

Thus, the scheme is absolutely stable. Using Eq. (1.3.4') we see that
the “rhombus” scheme is consistent with the equation

du g 92u a1 9%y
—_— R ———
at Ix? h? o’
With the following law of proceeding to the limit
a’r
"= =7 = const

the “rhombus’’ scheme is consistent with the heat conduction equation
(1.3.1). With the limit law

(”—x—cont
BT cons

the “rhombus” scheme is consistent with the equation of hyperbolic
type

on 2u 02u
= g2 2
at C o T G (1.3.5)

Consequently, the “rhombus’’ scheme is absolutely stable and explicit,
and is non-absolutely consistent with the heat conduction equation.
(i) The explicit two-layer scheme:
ynt+l _ yn Al A

T =@y (1.3.6)
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The dispersion equation is

e=1—4r sinszh. (1.3.7)
The scheme (1.3.6) is correct if
atv 1
r = 7 S—é-, (138)

That is, it is conditionally stable. It is easy to see that scheme (1.3.6)
is absolutely consistent with Eq. (1.3.1). This means that scheme (1.3.6)
is absolutely consistent with Eq. (1.3.1) but is conditionally stable.

(iv) The implicit two-layer scheme (Crank-Nicholson scheme):

un+l — a2
—_ =h—2A1A_1[¢xu"+1+ 1—-a)w], o0<a<1. (1.3.9)
The dispersion equation is

1~ 47(1 — &) sin’%

o= — . {1.3.10)

1 447 xsin? kzh

Clearly, scheme (1.3.9) is absolutely consistent with Eq. (1.3.1). For
o > 1/2 scheme (1.3.9) is also absolutely stable in L,. For & = 1 scheme
(1.3.9) is absolutely stable in C since it satisfies the maximum principle.
For 0 <o <1/2, r <1/[2(1 — 24)], scheme (1.3.9) is stable in L,.

Only implicit schemes are absolutely stable and consistent in these
examples. Evidently this is true in general cases.

Schemes which are at the same time absolutely consistent and
absolutely correct are especially convenient for practical calculations.

1.4 The method of factorization (sweep)

To put the scheme (1.3.9) into effect we can apply the method of
factorization, in which the operator of the second order E — a7 4, 4_,
is treated as the product of two operators of first order. For the diffe-
rence equation of the second order

A,~u,~-1+Biu,~+C,~ui+1=/i, 1:='1,...,N, (1.4.1)

the sweep formulas are

i =Xithiyr + Yy (1.4.2a)
C fo— AY,_
Xjm—m o & e S AiYion 4.2b
B A% VT BT AKX (1.4.2)
Assuming that #}*' = u; we have, for scheme (1.3.9),

Ai=ci=—'061’; B,=1 + 2x7, fi=[E+('1—(x)fA1A_1] u;’ (143)

1.5 The method of matrix factorization 13

It follows from this that

. or - 1 .
i (1 +207) —arX,_, (2 +%)—X¢—1,
1 (1.4.3")
Y, = i+ oarY, 4 Y‘—1+Wf‘

(1 +20r) —arX;_ (2+—£7)_Xl_1.
Quantities X, and Y, are determined from boundary conditions at the
left end. For example, if the following boundary problem is solved for

Eq. (1.3.9)

ou(0,8) _ . _ .
@—7—=0; (b) u(1,t) =1; (1.4.4)
u(x, 0) = uy(x),
then X, and Y, are determined from the sweep relation
Uy = XO Uy + Yo. (1-4.5)

In order to satisfy the boundary condition (1.4.4a) it is sufficient to
assume that .
Xo = 1, Yo = 0. (1-46)

Then, using relations (1.4.2), quantities X; and Y; are determined in
succession. From the right-hand condition (1.4.4b) we determine #y
and by applying Eq. (1.4.2a) from right to left we determine ;.

It is easy to see that the iteration scheme (1.4.2) and (1.4.3) is
spatially stable; i.e., the errors do not increase during the successive
calculation of X;, Y; and #;. The iteration algorithm is very effective,
the number of operations per step in scheme (1.3.9) being only 5 times
larger than the number of operations in the simple scheme (1.3.6).

It is evident from this that the use of the implicit scheme is less
expensive, provided that 1./t > 5, where 7, is the step of the explicit
scheme, and 7, is the step of the implicit scheme.

1.5 The method of matrix factorization

A different approach is needed if we then wish to solve the heat
conduction equation in several dimensions. Consider, for example, the
two-dimensional heat conduction equation

du _ [ 3*u  u
9t ¢ (a:ﬂ + ayZ)

(1.5.1)

satisfied in the parallelepiped
0<x<1; 0<y<1;, 0<it<T,
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and let us pose for this equation the first Cauchy boundary value problem
u(x,9,0) =u(x,9), (x,9)eG;
ux9,0) =g@xy,9, @ y)ey;

where G = {0 < ¥ < 1,0 <y < 1}; ¥ is the boundary of G.

By analogy with the one-dimensional case, we use the uniform
implicit scheme

n+1l __ gn ‘
M_T__i,t_ = /l[zx urtl + ('1 - OC) M”], (152)
where
A=t + 4y Ay=affa, g—p@dda (53
1 2

In this case the following system of equations should be solved at each

step

— oty (Upoxj+ i) —ore(Uij g+ uij 1) + [1 + 20 (ry + 7o) ui; = £,
(1.5.4)

where f” = [E + ('1— “) TA] u:’,; u,-j = M?j"'l.

The method of matrix factorization is used to solve Eq. (1.5.4).

This method was developed by a group of Soviet scientists (M. V.

Keldysh, I.M. Gel'fand, K.I. Babenko, O.YV.Lokutsievskii, N.N.
Chentsov and others) [8].

G. 1. Marchuk [9] has successfully applied the method of vector and
matrix factorization to the solution of problems of nuclear physics.

We shall quickly describe this method in the case of the two-dimen-
sional heat conduction equation (1.5.1). Eq. (1.5.4) can be represented
in the matrix form

Aiu; 3+ Biu, + Ciuyy = i, (1.5.5)

where u;, f; are vectors {u;;}, {f;;}; the matrixes 4;, B; and C; act in
the Np-dimensional space of vectors u;

-7 0 ... 0
Ai=C; =] 0 —an... 0 =—anl, (15.6)
0..(.)....._.0.”1
1 4+ 2x(r; + 73) —0 7y 0o ... 0
B; = —&ry 14 20(ry + 7)) —x7ry ... 0
0 o T 0 Lt 2a(n + )

(1.5.7)
The form of the matrices 4; and B; corresponds to the first boundary
value problem for a rectangle

xi=1v.h1, 1:=0,'1,...,N1+1;
yi=7hy, {=0,1,...,Ny+1;

1.5 The method of matrix factorization 15

indices 0, Ny + 1, Ny + 1 refer to the sides of the rectangle boundary.
By analogy with the iteration method it is assumed that

uw; =X, u;,, +%,, (1.5.8)
where X; represent matrixes, and u;, ¥; the vectors.
Substituting Eq. (1.5.8) into Eq. (1.5.5) we obtain
Bi+4; X u+Ciuy=fi— 4,Y; 5. (1.5.9)
By multiplying the left-hand side of Eq. (1.5.9) by matrix (B; + 4;X; ;)™!
we find
w, = — (A, X; 1+ B)Couy + (4 Xi s + B)Hfi — A¥ ). (1.5.10)
Comparing Egs. (1.5.10) and (1.5.8) we deduce the recurrence relation
Xi=—(4;X; 1+ B)'C,,

(1.5.11)
Yi=A: Xia+ B) (fi — 4:Y ).
From the boundary conditions we find
X0=0, Yo——-:uo, u0={g(0,y},t)}, (1.5.12)

0<y; <1, ¥ =7hs.

Conditions (1.5.12) provide the initial data for recurrence formulae (1.5.11)
which enable us to determine X;, ¥; in succession up to 7 = N;. The
relation

uN1=XN1uN1+1+YN|,; uN1+1={g(1’yj’t)}’ O—<—yJS1’ (15'13)

expresses the vector #y, in terms of the known vector wy, .q; then «;
is determined from relation (1.5.8). Thus, the scheme of matrix sweep
is wholly identical with the usual method of sweep, except that we
apply the sweep process, not to the scalar qualities X;, Y;, #; but
instead to vectors Y;, u;, and the matrix X;; also, the coefficients 4;,
B; and C; become matrices and all operations are considered as operations
with matrices and vectors.

If the coefficient of the heat conduction equation is variable, then
for each ¢ we need to invert a matrix of order N,, and this is a difficult
operation. Therefore, the use of matrix factorization for the heat con-
duction equation in a rectangular region is recommended only if N,
is not too large. A still more complicated algorithm is needed for the
three-dimensional problem. One reason for the sharp increase in the
number of operations is the increase in dimension of the difference
operator at the upper step, as compared with the one-dimensional
case. We can try to reduce the dimension of this operator. For example,
we can use the following approximation, instead of the difference scheme
(1.5.2)

urtl  yn

= Al u"‘“ + A2 u". (1514)

T
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Then the solution of the implicit scheme (1.5.14) will be reduced to the
usual sweep with respect to x, . It is easy to see, however, that Eq. (1.5.14)
is conditionally stable.

In fact, the coefficient p (k) = ¢2* of the harmonic increment is

expressed by
1— 3 k,h, . .
Q(kl)kZ) = 1 +Z:; a8=4rxsln2_2—'—) 7s=—}T, VS='1,2. (1.515)

The stability condition is

att

< (1.5.16)

1
"2_ .
We see that instability could develop as a result of the explicit approxi-
mation of the derivative with respect to x,; while the harmonic solution
A (t) ¢**= has a steadily decreasing amplitude, the harmonic solution
A (¢) e*»= will have an increasing amplitude if condition (1.5.16) is
not satisfied.

Difficulties encountered- in the design of absolutely stable schemes

for problems in several dimensions can not be overcome by uniform

schemes and simple approximations, when the integration is carried
out in a unique manner step by step. A change in the structure of dif-
ference scheme is required, and the approximation has to be made more
complex. .

Let us consider this situation in detail. Up to now we have used
the .simplest approximations in designing difference schemes. For
example, the operator D = 8/8x was approximated by the operator
xAyfh + (1 — &) A_,/h and the operator D? = §%/dx? by the operator
Ay A_;[h? etc. As a criterion for the choice of simplicity in the approxi-
mation we can require the minimization of the number of network
points (for a given accuracy) in the region of determinacy of the difference
- operator.

Let A ~ £ be the simplest approximation of order O(4*). Then,
putting

A=4+wo,
where @ is the arbitrary finite non-singular operator, the approximation
A ~ Q is also of order O(%*). In this way we obtain a complete set of
arbitrary parameters or functions, related to the arbitrary operator @,
which could be used in many ways. The use of schemes with a more
complicated approximation makes these schemes more flexible and
makes it possible to devise schemes which are easily carried out.

Chapter 2

Simple Schemes in Fractional Steps
for the Integration of Parabolic Equations

2.1 The scheme of longitudinal-transverse sweep

The conditionally stable scheme (1.5.14) is unsymmetric. The approxi-
mation of the second derivative with respect to x is implicit, and with
respect to y is explicit. Let us consider a symmetric modification of this
scheme in which ¥ and y interchange roles at each step:

'M"+1 — Yy

- = Al whtl A2 un,
un+2 _ gyntl (2.1.1)

po =A1M"'+1 +A2un+2.

As in the scheme (1.5.14), at the first step, the operator L, = a?82/6 x?
is approximated implicitly and the operator L, = 4®9?/9y2 is approxi-
mated explicitly. At the second step, on the other hand, the operator L,
is approximated explicitly, and the operator L, is approximated impli-
citly. Subsequently, the whole calculation is repeated.

Scheme (2.1.1), which we will call the scheme of longitudinal-transverse
sweep or the scheme of alternating directions was proposed at the same
time in 1955 by Peaceman, Rachford and Douglas [10, 11]. We shall
show that scheme (2.1.1) is absolutely stable and absolutely consistent
with the heat conduction equation (1.5.1).

Since the calculation in scheme (2.1.1) is repeated only on going
from the n-th step to the (# + 2)-th step, we regard the (n + 1)-th step
as an intermediate step. Therefore, scheme (2.1.1) is considered as a
transition from the »-th step to the (» + 1)-th step with an auxiliary
step # 4+ 1/2. With this convention, scheme (2.1.1) has the form

yrt1z un 1
—-T__ = ?(Al ynti/e + A2 M"),

yntl .un+1/2 1

T =7

(21.2)
(/11 ynt1/2 + A2 un+1) .
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We will show that scheme (2.1.2) is equivalent to a certain uniform
scheme, unconditionally stable and unconditionally consistent with
Eq. (1.5.1). In agreement with [12], Eq. (2.1.2) can be written as follows
A, unt12 — Byur = 0, (2.1.3a)

Ay untl — Byuntl? = (, (2.1.3b)

A1=E——;-TA1, A2=E'—'—;—TA2;

) (21.4)
By=E+5td, Bi=E +%1A1.

Let us multiply Eq. (2.1.3a) by the operator B,, Eq. (2.1.3b) by 4,,
and add, then A

Al Az yntl — Bg Bl u" + (Bz Al - Al Bg) u"+l/2 = Q.
Assuming that the operators A;, A, are commutative, we obtain the

scheme
Al Ag %"+1 - B]. B2 u" = Q. (21.5)

Substituting Eq. (2.1.4) into Eq. (2.1.5) we obtain, after some simple
transformations, the following uniform scheme, equivalent to scheme’

(2.4.2)

ntl __ g )
w — w_ 4 ;L 4y (un + untl) — %r/l1 Ae(r+r —wn),  (2.1.6)

It follows from this that scheme (2.1.6) and the equivalent scheme (2.1.2)
approximates the heat conduction equation with the same accuracy as
the scheme

urtl o yn A ur + un+1
T = 2 ’

Let us prove the unconditional stability of scheme (2.1.6) or, what is
equivalent, scheme (2.1.2). Assume that
wr =7, gitamtkazs) urt1/2 = Nn+1/2 gl (kxxatkaxs) (2.1_7)
Substituting Eq. (2.1.7) into Eq. (2.1.2) we obtain
1

A=A1+A2.

1——a,
o = Tean — i (2.1.82)
" 1 —I—?al
1
1——a,
gp=lti o2 (2.1.8b)

1
N +1/2 1 +_2_a2

2
Q= 1 . = 0102, (2.1.8¢)
2

2.1 The scheme of longitudinal-transverse sweep 19
where
2
a; = 47, sin® k,2h, , Y= ah: , s=1,2. (2.1.9)

It follows from this that
lel <1 (2.1.10)

for any 7. The stability of the scheme (2.1.2) is proved. It is not difficult
to establish that Eq. (2.1.6) gives the same expression for ¢. In this
way, due to the introduction of intermediate fractional steps, we have
obtained an absolutely stable scheme. At the same time, instead of one
matrix sweep we need two ordinary sweeps and this considerably
reduces the extent of the calculations. :

Let us analyze formula (2.1.8). Eq. (2.1.8) shows that during the
first half step the error in the direction x, decreases by (1 + a,/2)
times, and the error in the direction x; increases by (1 — a,/2) times.
At the second half step, on the other hand, the error in the direction x;
increases by (1 — a4/2) times and that in the direction x, decreases by
(1 + ay/2) times. Consequently, no matter how much the error increases

- in a certain direction at a given half step it inevitably decreases at the

next half step so that its modulus does not increase after two half

steps. This immediately shows the advantage of the alternating directions
scheme over scheme (1.5.14)

n+l __ gn

u - u =/11M"+1+A2Mn

and the analogous scheme
l‘LIT__Fi = Al ur + A2 untl,

In the first scheme the error in the #; direction will always decrease
by (1 + a,) times, but the error in the %, direction will always increase
by (1 — a;) times. In the second scheme, on the other hand, the error
in the x; direction increases by (1 — 4;) times at each step, and it
decreases by (1 + a,) times in the x, direction.

Consequently, it is necessary to interchange x; and x, directions
which is done in the alternating directions scheme. In the method of
alternating implicit calculation the integration in each direction is
carried out alternately by an explicit, and then by an implicit scheme,
and the error increase in the explicit scheme is balanced by the error
decrease in the implicit scheme?.

! The compensation of stability in the fractional steps is analogous to
the' compensation of binding strength in a plywood panel formed from a
series of glued sheets with alternating grain directions. If the sheets are
g%:;aed \gith the grain all in the same direction no strength compensation is
Obtained.



01

@ = 010203 =

20 2. Schemes for the integration of parabolic equations

From these considerations it immediately follows that the method
of alternating implicit calculation is not applicable to the three-dimen-
sional case. Let us consider a scheme for the three-dimensional heat
conduction equation

U oS du
W_ a i‘-Z,: a—x?' (2111)

which is analogous to the scheme of alternating directions. In this case,
the integration in each direction %,, #x;, and x3 occurs implicitly once
and explicitly twice. This means that the error increase in the explicit
scheme is not balanced by its decrease in the implicit scheme. Let us
verify this by a precise analysis of the stability of the scheme of alternat-
ing directions in the three-dimensional case

urt 1/8 __ ur

. %(Al ynt+1/8 + A2 un + Asun),

ur+2l8 _ gm+1/s

w|=

T

yrtl un+2/3

- =%(A1M"+2/3 + A2un+2/3 +A3M"+1). ]

For the amplification factors we obtain

1—';_(“2"'“3)
=-——T_—, 92=
1+T“1

1 1
1——3'(al+aa) 1—?(“14'“2)‘

1 » 0= 1 ’
1+'3—aﬂ 1-}-?113

(2.1.13) -

[1 ——%(a; + a,)] [1 ——%(al + aa)] [1 *‘—;‘(“1 + az)]
el 30

It follows immediately that the scheme is not absolutely stable. In fact,

for sufficiently large z/A?, and ¢ = 1, 2, 3 the following value is obtained
for o

o~ —8. (2.1.14)

We note also that the method of alternating directions is not applicable
to the solution of the equation

ou m 2u .
ot i,gla‘fm (2.1.15)

even when m = 2.

(A-l wn+1/3 4 A2 unt2/3 4 Aa un+1/3)’ (2_1_12) v

2.3 Heat conduction without a mixed derivative é1

2.2 The scheme of stabilizing corrections

For the solution of the three-dimensional heat conduction equation,
Douglas and Rachford [12] proposed the following scheme

yn+t1/8 __ yn

— — Al unt+1/3 + A2 un + Aa un;

un+2/8 _ gn+1/8
T

yrtl . ynt+2/3

= Ay (w23 — yn); (2.2.1)

= = Ag(un+1 — un).

Scheme (2.2.1) can be written in the form
As un+s/3 — Bs ynt(8-1)/8 — Cs un, (2_2‘2)
where
A;=E—-vA; B,=E; s=1,2,3;
C1=T(A2+As); C2= —'L'A.z; Ca= “‘TA:;.
By successively eliminating #+1/3, 4#+?/ from these equations we obtain
the equivalent uniform scheme
Al Az A3 un LR - Bl 32 B3 ut = [Cl + Al Cz + AIAZCS] u". (2‘2‘3)
After substitution of Eq. (2.2.2") into Eq. (2.2.3) and expansion with
respect to 7, scheme (2.2.3) takes the form

(2.2.2)

un+lr_ ur =Ayrtl — 1'(/11 Ay + Al As + A, /13) (Mn+1 _ u") +
+ 12 A, Ay Ay (un+t — un), (2.2.4)
where

A=A, + A, + As.
The amplification factor is then given by
14+ a,8,+a,a; + azag + a,a, ay (2'2'5)
(1 +a) (1 +a;) (14 ay)

Consistency follows from Eq. (2.2.4) and stability from Eq. (2.2.5).

We note that the structure of the scheme is the following: the first
fractional step produces absolute consistency with the equation of heat
conduction, and all succeeding fractional steps are corrections and serve
to improve the stability. For this reason we call this a scheme with

g:

stabilizing corrections. Later, J. Douglas [26] proposed a scheme of

stabilizing corrections with second order accuracy.

2.3 The splitting scheme for the equation of heat conduction without
a mixed derivative (orthogonal system of coordinates)

Analysis of the stability of alternating implicit schemes shows that
approximation with an explicit operator reduces the stability of the
scheme. This suggests the idea of using only implicit operators at each
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fractional step. With: this in view, one part of the following operator
on the right is apprioximated at each fractional step:

L, = a? 5
8 axf’

(2.3.1)

the complete approx:imation being made only at the end of a whole
step. A scheme of thiis kind was first suggested by the author in [13].
We call such scheme:s splitting schemes. The simplest splitting scheme

for the heat conducttion equation in three dimensions is
un+1/5 — un

. = A un+1is, (2.3.2a)
n+2/8 _ gn+1/3
u = u = A, un+28, (2.3.2b)
nt+l __ gen+2/8
W, (2329

Eqgs. (2.3.2) can be rewritten in the form
Ayun+sis — Bunt6-08=0, A, =FE 1A,
. B,=E, s=1,2,3.
Eliminating «n+V/3, w"*2% the following equivalent scheme is obtained
A Ay Agunt? =B By Bywt = A Ay dgur* 1 —Eur=0. (23.4)
By expanding Eq. (2.3.4) in powers of 7, we obtain :

u"_ﬂf— o Aunt — T(A1 Ay + Ay A5 + ApAg) untt +
-+ 12A1A2A3un+1. (2'3'5)

For p;, g2, o3 we obtain the values
1. __r . __t .
a=Tra & Tieq 8T Tia
1
T e (1 Fa) (T Fa) 4
Consistency of schemne (2.3.2) follows from Eq. (2.3.5) and stability
from Eq. (2.3.6). It is easy to see that scheme (2.3.2) satisfies the extrem-
um condition. This is evident from the fact that each of the two-layer
schemes (2.3.2a), (2.3.2b) and (2.3.2¢) satisfied the extremum property.
Consider, for example, the scheme (2.3.2a), by expressing it first in
index form but thera eliminating the indices corresponding to x, and
%y for simplicity
wptIt — oy, WP — 203 4o
T =4 h? )

Solving then with respect to »?*'3, we find

(2.3.6)

¥ 1 ¥
n+l3 T ,n+l3 n n+1/8
i T2y G-l Yyt oy e

(2.3.3)
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From this follows the extremum property

min {u?*33, u?, w2 1P < uP Y < max{ult}3, uf, uP ).
From this condition we deduce, in particular, the convergence in C of
the difference solution to the solution of the differential equation
(uniform convergence). To improve the accuracy of scheme (2.3.2) the

following weighted scheme could be used

W W Mt (= w]; )
yn+2/8 :un+1/8 = A[x un+28 + (1 — o) un+1is); l (2.3.7)
an+1 :uMM = Ay[xwntl (1 — ) un*2].
The equivalent uniform scheme is
A4, 43wt — ByByByut = 0, (2:3.8)

A;,=E—-atd,, B,=E+(1—-0a)1d, s=1,2,3.
Expanding Eq. (2.3.8) in powers of 7, we obtain

wtl— ur n+1 n n+1 n
——';——=/1[0‘“ + (1 — o) u] + T[Du*! + Dyur],  (2.3.9)

where
¢1 = - 0c2 (A1A2 + A1A3 + AQA;;) + T(stlAzAa;
¢o = ('1 - 06)2 (/11/12 -+ A1A3 + A2A3) -+ T(1 - 06)3/11/12/13.

For &« = 1/2 we get the scheme

nt+l _ gm n+ 1 n 2 nt+1l __ gn
Y A Y T MMy + MMy + A M) =

(2.3.10)

+ Ty Ay Ayt + ). (2.3.11)

Scheme (2.3.11) has accuracy of order O(z2 + A2).

2.4 The splitting scheme for the equation of heat conduction with
a mixed derivative (arbitrary system of coordinates)

Consider the equation of parabolic type

B fw Le=>a; - = const 2.4.1
ar _i,{lai’ Gwox, 0 T oonsh (2.44)
Q11829 — 33 >0, ;1 >0, g > 0. (2.4.2)
In this case the uniform difference scheme
un+1 — yn
-—T—=A[au"+1+ M—-—ayu], A~L, (2.4.3)
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is of nine-point type, and the solution of the system by matrix iteration
is very cumbersome. The application of the alternating implicit scheme
also does not lead to a simple three-point scheme.
V. A. Suchkov, Yu. Ya. Pogodin and the author [14] suggested the
following scheme
12‘_':1/1__“_" = Ay, w12 4 A0

wr+l  gnt1/2 (2'4'4)
- = A21 yn+1/2 + A22 un+l’

T
where
4,4 92
Ayy = agy lh? L ~lyy = a”a_xf_;
A, +A.4) (4, + 4 ]
Ayg =Agg = a9 (4, 41}111(": 2) ~Lis=a,, FPATAL (2.4.5)
A, A_ a2
Ay = agp 2}1% 2~ Lyy = A22 7;3-

It is easy to see that schendie (2.4.4) is based on the method of splitting.

In fact, at the first half step, “half” of the operator L, namely L;; + L,,, .

is approximated; L;, being approximated in the upper layer # + 1/2
and L, in the lower layer. The second “half” of the operator L,
namely Ly, + Ly, is approximated at the second half-step, Ly, = L;,

being approximated in the lower layer #» + 1/2, and L., in the upper
layer n 4+ 1.
The equivalent uniform scheme has the form
All A22 yntl — Afz u" = 0, (2-4.6)
Aij=E+(_‘1)i+j+lTAij, i,j=1,2.
By expanding in powers of T, we obtain
n+l __ 4
u—r‘u- = (A1 + Aso) un*1 4 2415 0" — T(Ayy App w1 — Ay u).
(2.4.7)
It follows that scheme (2.4.4) is consistent with Eq. (2.4.1). It is easy
to prove the stability of the scheme. In fact

1 =l =1, (1 — 41,)?

01 = 1 +lll ’ Q2 = 1 +122 » Q = 9192 = (1 + lll) (1 x lzz) ’ (2‘4'8)
where
L = 41%sin2%;
a ki h .k h ki h ka B (2'4'9)
—_— 12 1 %1 8 °2 3 1 "1 3 2’72
lis = 47 7o by €OS —_—- €08 ——=sin —== sin ==
Using Eq. (2.4.2) we obtain
le] <1. (2.4.10)

Stability together with the convergence of the scheme are proved.
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For conditions more severe than the elliptic conditions (2.4.2) the
method of splitting can also be applied to the three-dimensional heat
conduction equation :

du 3 u
?t—=i’]‘z_‘laijm. (2411)
In this case we can use the following scheme, proposed by the author
[15, 18]
ur+ 1/ __ ©r N
T
yrt2le _ gyntl/e

1
= ?Allun"‘l/G + Alzun;

1
- —_ A21 wnt1/e + ?A22 %"+2/5;

yntde _ unt2/e 1 .
- - 7/111“”"'3/“ + Ayguntels;

urt+ale _ gymt3ls J 1 +4/6 (24.12)
- — A‘.-)l ynt+3/e +_§.A33un ;

yun+5/6 _ ynt+al 1 )
- = ?Azzu"“/“ + Agquntiie;
yr+l _ yntole

1
- = ASZ unt5/6 __2_/133 urtl,

Scheme (2.4.12) is consistent with expreséion (2.4.141) and is stable,
providing the matrix | b;;| is positive definite, where

bij = aij, 7 * ]', bii = % (24-13)
1. D. Sofronov [65, 66] proposed several integration schemes for

Eq. (2.4.1) which are based on the predictor-corrector principle (see
Sec. 2.7).

2.5 The scheme of factorization of a difference operator

In the paper of G. A. Baker and T. A. Oliphant [16] the following
method of integration of the heat conduction equation (1.5.1) is pro-
posed. Let

Qun+t = fn (2.5.1)

be some implicit scheme of integration of Eq. (1.5.1); £ is a difference
operator at the upper step; f» is the result of the application of difference
operators at lower steps. When expressed in suffix notation, scheme
(2.5.1) is

P CH upi = 1%. (2.5.2)
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It is proved in [16] that if we restrict ourselves to nine-point operators,
i.e., operators which satisfy the relation

Ckt=0 for [i—k[>1, |j-1>1, (2.5.3)
then the operator £2 can be chosen so that it is represented as a product
of two three-point operators 4 and B. This means

Ck = AF B, (2.5.4)
where
Af=o0, |i—k|>1; Bi=o, [i=I>1. (255)
In [16] scheme (2.5.1) is deduced from a three-layer approximation of
the heat conduction equation (1.5.1)
1,54+t — 24% 4 0.5~ 1

- = Awurtl, (2.5.6)
where A is some nine-point operator. Then
Q=15E =1 A4; fr=2u"—05ur"1, " (2.5.7)
The operator A is chosen so that the approximation
AnL=Li+ L= aza"’—;+aza"—;2

is of second order accuracy and the operator 2 in expression (2.5.7) is
represented as a product of two three-point operators in the sense of
the expression (2.5.4). It turns out that with these conditions, 4 is
determined uniquely. The solution of the system of Egs. (2.5.2) is then
reduced to two iterations.

In fact, we assume

A ={4}); B={(BY; 1=l

2.5.8
v}ll+1 — B;ru;‘zz-l (‘U"+1 = BM"+1). ( 5 )

Then Eq. (2.5.1) splits into two equations
Ao+l = fn Byrtl = g+, (2.5.9)

each of which is then solved by three-point iteration.

In the work of Baker [17] a generalization of the scheme of factori-
zation of the upper operator is given in the case of the equation of heat
conduction in several dimensions with constant coefficients. As V. A.
Suchkov was kind enough to point out to the author, the scheme of
operator factorization suggested by Baker and Oliphant [16] is analogous
to the splitting scheme and reduces to it completely when the three-
layer approximation (2.5.6) is replaced by the ordinary two-layer
approximation. *
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2.6 The scheme of approximate factorization of operators

In the author’s work [18] the method of approximate factorization
of operators was described for the heat conduction equation. Let

ﬂ%'__un =Adw+;, A=3 Ay A= a? Ao';;—i (2.6.1)
im1 i
be a simple implicit approximation of the equation
du 9%u
4 iz; ax?
Eq. (2.6.1) can be written in the form
(E —1A)ur+l = E un. (2.6.2)

Let us factorize the operator E — v A4 with an accuracy of order %
For this the operator E — 7 A is replaced by the factorized operator
(E—tA)(E—714y)...(E—1d4,)=E~-714+79,

where :
b = ZAlAJ -7 2 Ai/lj/lk i (—'I)m‘tm—z/ll.. -Am-
i<J i<j<k

The difference scheme (2.6.2) is replaced by the factorized scheme
Quitt=(E —v4)(E—71dy)...(E—1vAn)ur*t = E . (2.6.3)
Let us introduce the auxiliary quantities un+t1/m, ., . y¢+m=D/m by
means of the relations

(E —_ TAl) yntlm — Eun’

(E — TAz) ynte/m — Eun+1/m:

(E — TAm) utl = F un+(m—1)/m_

(2.6.4)

The splitting scheme (2.6.4) is equivalent to the scheme of approximate
factorization of the upper operator (2.6.3).

The factorization of the upper operator in the scheme of Baker and
Oliphant is carried out in a similar way.

Let us consider a three-layer approximation of the two-dimensional
heat conduction equation

LI 2 H OSNT — Awn, (2.6.5)
where
A=+t AinLi=al, (2.6.6)
The scheme (2.6.5) can be written
USE —tyuntl =fr, o =24 — 0.5u""1, (2.6.7)
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Replacing the operator 1.5E — 74 by a factorized operator, we find

Qurtl =15 (E - =) (B - T35-112) W= (26.8)
with the nine-point factorized operator £, which is identical with the
scheme of Baker and Oliphant.

Note that an exact factorization of the upper operator £, by means
of formulas (2.5.2)—(2.5.4), is impossible in the case of the diffusion
equation with variable coefficients, because in this case additional
iterations are needed [19] resembling the scheme of N. I. Buleev [20].
At the same time, the method of approximate factorization is equaily
valid for the equation with variable coefficients.

The method of designing schemes with factorized upper operator
was developed for a wide class of equations with variable coefficients
by E.G.D’yakonov [24—24]. With the aid of a priori estimates he
proved the convergence of this method. He also gave an algorithm for
the solution of boundary conditions'. The method of approximate
factorization is discussed in more detail in Sec. 9.3.

2.7 The predictor-corrector scheme

As was shown in Sec. 2.1 and 2.2 the scheme of alternating directions
is not applicable in the three-dimensional case because, although it
has second order accuracy, it is only conditionally stable. The scheme
of stabilizing corrections on the other hand, while being absolutely
stable, only has an accuracy of the first order in ¢.

P. L. I. Brian [25] has proposed an absolutely stable scheme carried
out with three-point sweeps, of second order accuracy with respect to ¢
and with respect to space variables. The scheme is derived from the
stabilizing corrections scheme and has been called a predictor-corrector
process (recalculation).

Let us explain the predictor-corrector method in the simple case of
integration of the ordinary differential equation

LLABYIRY (2.7.1)

The ordinary trapezoidal scheme

xn+1 — _ f(xn’ tn) + f(x”+1, tn+1)
T - 2

(2.7.2a)
or

antl _ gn (}V”+1 __|_ an

n+1/
- L2 2) (2.7.2b)

! E. G. D'yakonov used the term “the method of split operators”.
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requires iteration because of the non-linearity of the right-hand side.
The predictor-corrector scheme
grtll2 _ xn
/2

.

= f(an+1/z, gn+1/2) (2.7.3b)

= f(xn, 1), (2.7.3a)

antl . g
T

is of second-order accuracy and does not require iterations.

In a similar way this process may be applied to partial differential
equations. In [25] an integration scheme for Eq. (2.1.11) is propqsed
which is based on the predictor-corrector principle. This scheme is

%ﬂ = A, unt1® + Ay ur + Az un, (2.7.42)
W W Ay un s — o), (2.7.4b)
z/2
W Wt s — ), (2.7.49)
T/2
wrtlt —ut Ayun+1/6 4 Ay ynt2/6 + Agyn+3/8, (2.7.4d)
T

Egs. (2.7.4a—c) represent the predictor (stabilizing corrections scheme)
determining # at ¢ = (n + 1/2) 7; (2.7.4d) is the error.

Let us show that scheme (2.7.4) is absolutely stable and of second-
order accuracy with respect to ¢, %, ¥, and ;. Eliminating the fractional
steps wntl/8, ynt2/e ynt3/é from Eq. (2.7.4a—d) we have
u”+1 — ur

n n+1 2
. =Au +2u+ —%(A1A2+A1A3+A2A3)_——‘r_+

yntl — ur

un+1 — un
T

+ %Al Ay Ay (2.7.5)

The absolute stability and second-order accuracy of scheme (2.7.4)
follows from this expression. o
J. Douglas [26] has proposed a scheme in fractional steps which is
also absolutely stable and of second-order accuracy:

n+1/8 __ g n

17/11(14""'1/3 + un) + A2 u + A3 y"r = u__;_l‘_,

1 1 unt+238 _ yn

?/11 (W +1/8 4 ym) 4 — Ay (w234 un) + Agun = .

2 T
. (2.7.6)
%Al (M"‘+1/3 + M”) + _;_Az(un+2/3 + un) + _2_As(un+l + M")

yrtl _ yn

T
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Scheme (2.7.6) can be expressed in the form
unts _ gyn

T
yn+2/8 __ 4nt+1/8

= -;—/11(14"“/3 + wn) + Ay ur + Az ur; l

= %Az(u”m —wn); (2.7.7)

T

o gl gnt2l3 1
———f— = ?Aa(u'”'l — %"),

whence it follows that this scheme is of the stabilizing corrections type.
The scheme after eliminating the intermediate steps reduces to scheme
(2.7.5); i.e., schemes (2.7.4) and (2.7.6) are equivalent.
Let us point out one more predictor-corrector scheme
wn+lls g

o = A, un+1/8, (2.7.8a)

ﬂ# = Ay untee (2.7.8b)

i"“llz;/'__sz'= Ay un+12, (2.7.8¢)
W W fynrn, (2-7-8d)/

T

Formulas (2.7.8a—c) represent the predictor, based on a splitting
scheme, and formula (2.7.8d) is the corrector. This scheme for whole
steps is

un+1 —_ Y

u"+1 - (%)2(/11/12 + Al A3 + Ag A3) _— +

yrtl _ yn ur +
= A_
T 2

T
g+l — g

3
+ (g) Ay Ay A3 (2.7.9)
The scheme for whole steps is identical with (2.7.5), i_.é., scheme (2.7.8)
is equivalent to the preceding schemes.

Schemes which are based on predictor-corrector principle are called

schemes of approximation corrections (a.c.).

2.8 Some remarks ‘regarding schemes with fractional steps

The following remarks should be made in regard to the above
schemes.

(i) Schemes with fractional steps can be applied to one-dimensional
problems. Consider, for example, the locally-implicit scheme of V. K.
Saul’ev [27] for solving the one-dimensional heat conduction equation

+12 _
u W _ 1 f ynrrn
T 2 ’

. (2.8.1)
nt+l __ gmn+1/2
“+ = %A w12, A = g? Ax}ﬁ-l )

\
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which uses the alternating directions scheme for one of the directions,
for example, x;. Let us show that scheme (2.8.1) is equivalent to a
weighted two-layer scheme for & = 1/2 (the Crank-Nicholson scheme).
By expressing (2.8.1) in the form

(E _ __;_A>un+1/2 =un,  untl = (E + %A)unnlz, (2.8.2)

and eliminating #7*1/2, we obtain

T
(E - —2—/1)un+1 = (E + —;-/l)u (2.8.3)
It follows that
yrtl . yn _ ’M"+’u”+1
- =1 5 . (2.8.4)
This is the required proof.
(ii) Let us write scheme (2.8.1) with integer indices,
ur — yn—1 '
— = Aw, (2.8.5a)
ﬂ"“r_—“" = A  (2.8.5b)
Addition of Eqgs. (2.8.5) results in
W w T A, (2.8.6)

v

The scheme (2.8.6) superficially resemble the “cross’ scheme; however,
formulas (2.8.5) indicate that scheme (2.8.6) is non-uniform and it can
not be considered as a uniform “cross” scheme. To derive a uniform
scheme, #* should be eliminated from Egs. (2.8.5a) and (2.8.5b), and
as with expression (2.8.4), we obtain
W W o At 4wy, (2.8.7)
Thus the same formula (2.8.6) can be used in several different ways
depending on how we define u".
Let us point out another similar example. The stabilizing corrections
scheme
un+1/2 — yn

— = Al ynt1/2 + A2 un;

(2.8.8)
n+1l __ gm+1/
T L Myt — )
can be written, by adding Egs. (2.8.8),
untl __ yn
—_—= Ay unt12 4 A, yn+1, (2.8.9)
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The majorant splitting scheme

urtlz _ g4n
— 2.
f = Al ynt ;

yrtl un+1/2
T

also produces Eq. (2.8.9) after addition. However, schemes (2.8.8) and
(2.8.10) differ and Eq. (2.8.9) has a different meaning in each scheme
because the value #**+1/2 is not defined in the same way.

The corresponding schemes in whole steps, which are obtained by
eliminating #"+/2, are not identical.

(iii) Identical schemes in whole steps can yield different schemes in
fractional steps. For example, the scheme in whole steps

(E - -;—1:/11) (E - %r/lz) wrtl = (E + -;—1111) (E + ‘;_TAg) un
) (2.8.11)

could be used with the following schemes in fractional steps:
(a) The alternating directions (a.d.) scheme

ynt1/2 __ yn 1
—_———— = 7(/11 untllz 4 A, un);

. (2.8.10)
= 2 ynt1

T
yrtl _ gynt+i/2 1 (28-12)
—_— = (Ay wr+12 4 Ay wrt1),
(b) The splitting scheme
urt1l/z __ gn
= = Al(‘x ynti/2 + ﬂun),
untl _ gntliz (2.8.13)

~ =A2((xun+1 +ﬂun+1/2)’ ﬂ=1 -,

for & = 1/2.
() The scheme of approximate factorization of an operator

(£ = fed)ursin = o= (B 4 L) (£ +Lrats)wr
(E - -;—‘6112) untl = un+;/2_ (2.8.14)

Consequently, schemes (2.8.12)—(2.8.14) could be considered as inter-
pretations of one and the same scheme (2.8.11). When boundary conditions
are not considered, the schemes (2.8.12)—(2.8.14) are equivalent.

In the case of an equation with variable coefficients the correspond-
ing schemes in whole steps do not coincide and schemes (2.8.12) — (2.8.14)
become non-equivalent. In addition one and the same scheme with
fractional steps could have different interpretations of the boundary
conditions.

(iv) The weighted method of splitting form > 3,x = 1/2is extremely
simple while at the same time preserving strong stability and accuracy
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of second order. Nevertheless, the application of the predictor-corrector
scheme is most expedient when it is necessary to integrate the heat
conduction equation in a time interval including the asymptotic regime
(¢t > o). In this case the predictor-corrector schemes as opposed to
the splitting scheme permit the step size to be increased because they
satisfy the condition of total consistency (see Ch. 4).

2.9 Boundary conditions in the method of fractional steps for the heat
conduction equation

Up to now we have considered the Cauchy problem in the strip
| x| < o0, 0 <? < T assuming that the initial data are represented by
Fourier series or Fourier integrals. For this there were no boundary
points of the network, and difference equations were identical at all
network points. In practice it is necessary to solve the mixed Cauchy
problem when the difference equations at the boundary are different
from those at the interior points. As a result the order of magnitude of
the remainder terms of the scheme could be different on the boundary
than at interior points. Thus, the boundary conditions influence the
accuracy of the scheme.

The first analysis of boundary conditions in schemes with fractional
steps, for the heat conduction equation, was carried out by E. G. D'ya-
konov [22}!. In line with his work let us consider the splitting schemes
with three formulations of boundary conditions. For the equation

du %2u 2u
T ( T a_x%) . @91
the mixed Cauchy problem is
(%1, %3, 0) = g (%1, X2), %y, %) €G;
(1,32, 0) = (e, m), (1, m) o)

#(%1, %2, 8) = [(%1, %2, 7), (x1,x2»tjEP’
in the cylindrical region II = G x I" where G is the square; 0 < %,, %3
< 1; y is its boundary; H = [0, 4], I' =y x H (see Fig. 1).

¢

o
/Xz

//6 Y . 7

X
Fig. 1. The region of the mixed Cauchy problem

! Unfortunately, this work contains an arithmetical mistake and as a
consequence gives an improper evaluation of the method of splitting:
Nevertheless, the method of mvestlgatmg boundary conditions proposed by
E. G. D’yakonov, in principle, is correct. i
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For problem (2.9.1) we shall use the splitting scheme

un+l/2 — un
MW My(wwnie B, (2.9.22)

nt+l __ gn+1/2
A W = Ap(xurt  funti), (2.9.2b)

T
and the scheme of approximate operator factorization
(E—atd)(E—atd)uw+l=(E + Bv4y)(E + Bt ds)u (2.93)
in the following form!

(E—-atA)uwt12=(E + 1) (E +frd)uw, = (29.43)
(E — a7 Ag) un+1 = yn+le, (2.9.4b)

Consider the following interpretation of the boundary conditions for
scheme (2.9.2)

w1 (5, 25) = fx1, %, (0 +1/2) 7], (%1, %) €Y}

n+1 o= (A)

wWHl(xy, %) = f[%;, %2, (# + 1) 7], (%1, %) €Y.
In the case of (A) the sweep is not performed along the boundary, for
the values of # at the boundary are always equal to the boundary
values at the corresponding instant. It follows from this that at the
boundary relations (2.9.2) become

un+1l2 — u
—_— = A](OC un+1/2 + ﬂun) + F'l’l;

un+l_:‘n+l/2 (29'5)
- — Az((x untl 4 ﬂun+l/2) + Fg’
where
n fn+l/2 —_ fn
Fi = - A"+ ), (%1, %) €2, 745
fr+l el (2.9.6)
F3 = —_— Ap(xfrtl+ Bfn+172), (%1, %) €Y1, 7s-
The difference scheme (2.9.2) may therefore be written
Ay wn*ilt — Bywr = gi; (2.9.72)
Ay ur*l — B, yntlz = g’i, (2.9.7b)‘
where
A, =E —-at1d,, B;=E+f8t4,, s=1,2; l
g? = 0: gg = 0’ (xI; x2) EG; l (2~9-8)
g=1F;, g=1F (%,%)e€y.

The equivalént scheme in whole steps is
Ay A urtt — BBy w' = R,, R,=Bygl + 4:¢3. (2.99)

1 Note that schemes (2.9.2), (2.9.3) and (2.9.4) are equivalent for a
purely periodic Cauchy problem, but are not equivalent in the case of the
boundary problem (2.9.1a). In the case of variable coefficients, scheme
(2.9.3) is not in general equivalent to Eq. (2.9.2).

Vo
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It is clear that R, = 0 everywhere inside G, except at network points lo-
cated on the line w, which is separated from y by- one interval (see

Flg. 2), Where Rn = 32 gil’ (xla xZ) € W2, Wy,

R,=4,g, (%,%)€cw, w;. (2:910)
%
Y
L ™ i
|
]
h |* 5 wz! ¥

I -
|
w; |
Xy i
ke |

0 x:=h X
Fig. 2. The boundary y and the set o
Ny +1) Ay =1, (Npg+1)hy=1
Simple calculation gives
2
Ry,=Bygi =57 F1,  (m,xm)em, o
2
-2 (2.9.11)
Rn=A1gg= "—(X—Ej—Fg, (xl,xg)ewl,w;;.

It follows from this that when we proceed to the limit according to this -
law "
i const

thfe approximation error at points on w is O (1), i.e., it is finite. Since
this error is equal to O(r) at all other interior points of G, then, when
the error is evaluated in L,, we have [u|., = O(z'%).

) vae see that a large approximation error is connected with the
violation of relations (2.9.2) on the boundary. The formulation of (A)
was considered in [22]. '

Consider now another formulation of the boundary conditions in
the splitting scheme:
(a) yn+1/2 (xl: xz) = f"+1/.2 (xp xz) , (xl, xe) €Y1, %3, ]
(b) Alu"“/z(xl, %) — By un(x,, xz) = A, urt12 — B, fr =0,
(%1, %) €y2, V45
(© Wi, m) =t m, m), (4, %) €92, 70
(d) Asw+1(x), %) — By un*12 (%1, ) = Ay un*? — B, fr+1/2 =9,

(%1, %2) €Y1, 3. J

(B)
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In the case of (B), at the firs: fractional step the boundary conditions
are satisfied exactly on y;, y3; On 9, y4 they are replaced by conditions (b).
At the second fractional step, on the other hand, the boundary conditions
are satisfied exactly on y;, 4, and are rzplaced by conditions (d) on ¢y, ys.
The fact that conditions (b) and (d) are satisfied means that sweep is
also carried out along the boundary. Using this approach we satisfy the
boundary conditions on the boundary at one fractional step, but
Eq. (2.9.2) is satisfied everywhere in G. Consequently, the elimination
of fractional steps leads to a scheme in whole steps of type (2.9.3) every-
where in G; i.e., the order of the approximation is O(z) + O(h?) for
& % 1/2 and O(7?) + O(#?) for « = 1/2. Let us show that in the case
of sweep along the boundary we commit an error in the boundary
condition of order O (7). Let us demonstrate this, for example, for y,, y,.
At the n-th step we have #" = f* on y,, y,; w12 is determined
from the condition (2.9.2a) which can be expressed in the form

Ay uwnt12 = B, yr = B, f~. (2.9.12)
The recurrence relation (2.9.12) is closed with the boundary conditions
yntl/2 = fn+1/2 (2913)
at x;, =0,1.
Subtracting the identity
Ay fnr1i2 = 4, fre12

_from relation (2.9.12) and denoting the difference wn+1/2 — fr+172 by
9"*1/2 we have
A vn*12 = By fr — A, fr+1/2 = Fn (2.9.14)

with boundary conditions

‘ _ vt = 0 (2.9.15)
at 2, = 0,1. From (2.9.14) we have

' ' gnt1/2 = AIIF".
But '.
| B = 06, |47 <1,
consequently
[ont12] = O(). (2.9.16)

Thus, when sweeping along x;, we also perform a sweep along yz, ¥,
and depart from the true boundary conditions by O (t), while preserving
them on y,, v5. When sweeping along %, on the other hand, the boundary
conditions on y,, y, are preserved while a sweep is performed along
1, ys With a departure from actual boundary conditions of O(r). The
final accuracy is O(t) + O(h?). g

2.9 Boundary conditions for heat conduction equation 37

Consider, finally, a third method for satisfying the boundary con-
ditions, which corresponds to the interpretation (2.9.4) of scheme (2.9.3).
For the sweep of w**1/2 along x, it is necessary to know #*+1/2 on y,, ys.
This value of #"*1/2 is determined from the relation (2.9.4b) which is
transformed into '

M"+1/2 —_ (E — ﬂTAz) fn+l (2917)

on ¥, ¥s.
The calculation is accomplished in the following order: w»+12 js
determined on y;, ys, from relation (2.9.17), after which Egq. (2.9.4a)

is solved by sweep which gives ##*+12 in G. Then Eq. (2.9.4b) is solved
by sweep with the assumption that

untl = fn+l (2918)
on ¥z, Ya.

Consequently, Eq. (2.9.3) is satisfied everywhere in G at whole
steps, and the relation

yn = ]‘n, yntl = fn+1 (C)

is satisfied on y. The scheme (C) for « = 1/2 gives an approximation of
order O(z?) + O(h?). '

Compare now the calculation of the boundaries by methods (A),
(B) and (C) for the case of a rectangle. Method (A) evidently is of lowest
accuracy. Method (C) is superior to method (B) with respect to accuracy.
However, method (A) has the advantage of generality in the case of
an arbitrary region.

In fact, consider the region G which is confined within an arbitrary
contour y (see Fig. 3). Method (C) is unacceptable in this case. Method (A)

X
— '
W ‘r/ jx’ al
(/ % NN Xy
L 6 74
[ =]
~ ./
//

*
Fig. 3.
The method (A) for the arbitrary region G -
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is applicable here for the following reasons. For the solution of Eq.(2.9.2a)
the sweep is performed along horizontal network lines with boundary
conditions at ends of the horizontal sections, while Eq. (2.9.2b) is solved
by sweep along vertical network lines with boundary conditions at ends
of the vertical sections. Moreover, the ends of the horizontal and vertical
sections of the network do not have to coincide; i.e., the boundary does
not necessarily contain only network points (non-concordant network).
Method (C) is inapplicable even in the case of a region consisting of
finite number of rectangles. For example, for the region shown in
Fig. 4 the value w»+1/? at angular points 4, B, C, D, E, F cannot be

L
B (2
by i . £
4 R b, F X
Fig. 4. The application of method (C) in the region G which resembles a
rectangle

determined. Consequently, the sweep along DD, is impossible. In this
case, Method (C) is carried out as follows. With the aid of formulas
(2.9.17), w12 is determined on AB, CD, EF.

After this the sweep along x; is carried out along all interior hori-
zontal network lines, with the exception of the line D;D, and ynt1/2
is determined everywhere in the region G, with the exception of D,D.
Then the sweep along %, in DE F D, is performed and #"+1 is determined
everywhere in DEFD,, in particular at the point Dy. With the use of
(2.9.17) w*+12 is determined at point D and the sweep of #*+1/2 is per-
formed along D,D.

After this-it becomes possible to determine #**' in A BCD, with
the use of sweep along x,. It is evident that with the increase of the

number of angular points the algorithm becomes very cumbersome.

At this point, method (A) should be applied.

N. N. Anuchina suggested in a private communication a more general
method of treating boundary conditions for methods of fractional
steps (the method of undetermined functions). Let us demonstrate this
method in the case of the splitting scheme, Denote the values of u”,
u"+12 at the boundary ¢ by y~ and ¢», respectively. It is evident that
the values y*, ¢" do not necessarily coincide with f*and f* +1/2, respectively.

4
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Relations (2.9.2) on the boundary y take the form of Eq. (2.9.5),
where

n "t eun 1
Fi ='¢—,—w—/11(0‘¢"+.31/’") =— (419" = B1y"),

(%1, %) € Y2, Va5

n_ YTl — g 1 (2.9.19)
Fi = ———— —Ma{ay"** + B o7) =— (49" — Byg"),
(%1, %2) €91, 3.
The equivalent scheme in whole steps is
Al A2 untl Bl Bz ur = Rn, (2.9.20)
R, = 0 everywhere in G, with the exception of @, where
R, = B,(A,9" — B ) Xy, X2) € Wy, (04
2( 1@ I'P") ( 1 2) 2, g (2‘9'21)

R, = A (A y"*! — B, ¢7), (%1, %) € 0y, 3.

The problem consists in choosing the functions y», ¢" so that the error
R, is minimized. It has already been shown that the trivial choice
Y = [", ¢" = [**12 Jeads to method (A), which is of low accuracy.

In order that R, = 0 everywhere in G, including o, it is necessary
and sufficient that

Asyrt! — Byg" =0, (%1, %) €72, Va5 (2.9.22a)
Al ¢n - Bl 'lpn = O, (xl, xg) € Y1, Ys. (29-22b)

If we assume that
'P" = fnl = fn+1» (xl) x2) e}’, (2‘9-23)

then Eq. (2.9.22) enables us to determine ¢". However, Eq. (2.9.22b)
is badly posed and cannot be solved by sweep.

While retaining assumption (2.9.23) let us choose ¢" so that R,
= O(z%. For this, it is sufficient, for example, to put

"= (E + k7 Ay) p, (%1, %2) € a, wy;

2.9.24
¢ = (E + ky v A5) y*1, (%1, %2) € wy, 3. ( )
Let us choose the constants %y, ks so that
R, = By(4, ¢" — B, y") = 0(x?), (%1, %2) € Wy, wy; (2.9.25)
Rn =A1(A2 1/}"'+1 —B2 q)n) = 0(T2>, (xl, xz)ewl,wg. '
For k.l =1, k = —1 we have
R, = — “féf 2 A3, (%1, %2) € W3, w4
wpe (2.9.26)
R, = — 7 AL, (%1, %) € 0y, w3 ‘
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Using the law of approach to the limit 7/h} = const, 7/h3 = const,
together with a sufficiently smooth function f we achieve the required
accuracy. Note, however, that the consistency (2.9.26) is not absolute.
In addition, if f* is a discontinuous function, the order of consistency
of Eq. (2.9.26) is reduced.

‘Assume now, method (B), that

Qn = 12 (xy, %,) €91, V) (2.9.27)
Aygn — B fr=0, (%1, %) €92, Y45
yn+l = frtl (%1, %) € Y2, Y43 (2.9.28)
Ay yr+1 — B, frri2 = g, (%1, %2) €1, V5.

As in the case of Eq. (2.9.22), R, = 0, but as opposed to Eq. (2.9.22)
yp*+1 rather than ¢” is determined from Eq. (2.9.27).

Formulas (2.9.27) and (2.9.28) produce accuracy of the order of

O(z) + O(h?), regardless of the law of approach to the limit and the
smoothness of f~.

Other schemes of fractlonal steps are derived in an analogous way.
The method of undetermined functions can be applied to the cases-of
curvilinear and concave boundaries, as well as to equations of more
complex structure.

The method of undetermined functions can be formulated in a more
general way. Consider for example the splitting scheme. Assume that

yurt+t1/2 _ gn

T

= My (w w2 + Bur) + gf;
unrtl . gntii2 ‘ (2.9.29)

= Az(“ wrtl 4 ﬂun+l/2) + q'27

T

has temporarily undetermined functions ¢; and ¢,. By eliminating
wn+1/2 from (2.9.29) we obtain

(E—atdy) (E—avdg)urtl = (E 4+ ftdy) (E+PrA)u+ R, (2.9.30)
R=1[E+Brd)qr + (E — a1 dy)q]. (2.9.31)

Let us require that
R =0, (%,%)eG;

91 = 0, (xl, xz) € G (2.9.32)

Let us show that conditions (2.9.32) together with the boundary con-
ditions uniquely determine g,. To do this we select formulatlon (A).
Then from formulas (2.9.7b)

=g = A, V2 — Bifr, (%1, %) €2, Ves
g5 = gh = Ay [Pt — Ba fr, (%1, %2) €1, Vs,

¢> is determined at points G from the equations
(E+Bra)gi +(E—ard)gi=0, (2934)

(2933)
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which can be solved for g, since the operator 4, = E — a7 4, can
be inverted. Note that at points @z, w,; Eq. (2.9.34) takes the form

e+ (E-ard)g=o,

and, at all other points of G, the form
(E—atd)qs =0.

It is clear that an analogous method of introducing undetermined
functions (right-hand sides ¢, and ¢,) could be used for any scheme in
fractional steps.

Consider now the boundary conditions on curved boundaries. As
has been stated previously, in the case of the first boundary value
problem, method (A) is equally applicable to a curved boundary.
Considerably greater difficulties are encountered in the solution of
Cauchy’s problem with boundary conditions of the second kind. Then
instead of Eq. (2.9.1a) we have (see Fig. 3)

du au . ou
T = COSP5- + sing -~ = fxe, %2, 8),
(xl,xg,t) EF.

The algorithm for the solution of boundary conditions (2.9.35) is given
below. Let »” be a difference solution of Cauchy’s problem for Eq.(2.9.1)
with boundary conditions (2.9.35), defined in region G at time ¢ = n<.
Determine "+ by using the values of #”(y), already found. To do this
we need to use the splitting scheme (2.9.2) with the boundary conditions

,un+1| = un+1/2| = un(y) (2.9.36)

After this the boundary condition #?+! is corrected with the use of
Eq. (2.9.35). Denote by w the set of the network points located close
to y, giving values of #"+! in w to y. This can be done, for example,
by projecting a normal from points w to y (see Fig.3) and using the
relation

(2.9.35)

W () — wtl(xe) = ALfH (%), (2.9.37)

where f**1(x,) is an approximation of f(x,, x,,# from Eq.(2.9.35).
After this, Eq. (2.9.2) is solved again with boundary conditions from
Eq. (2.9.36). After iterating, the next step is considered.

For the solution of boundary value problems of the second order in
the case of equations with an unknown vector function, see Ch. 5.



Chapter 3

Application of the Method of Fractional Steps to
Hyperbolic Equations

3.1 The simplest schemes for one-dimensional hyperbolic equations

Consider the equation of acoustics
ou L OV . v du
il il U T P (.1.)
where u is the velocity; v is the specific volume; « is the velocit)/r of

sound, and x is the Lagrangian coordinate. Written in terms of Riemann
invariants

r=u—av; s=u-+av, - (31.2)
Eq. (3.1.1) takes the form
(X4 ar . as as
a—t+aﬁ=0, a—t-—aﬁ—o. (3.1.3)

We ‘shall consider basic schemes for integrating Egs. (3.1.1) or, equi-
valently Egs. (3.1.3).

(@) The scheme of rumming computation. The explicit scheme of
running computation has the form

Ay +a a_,7v =0 dps a Ays
T T

h h (3.1.4)
A0=T0—E; A1=T1—E; A_1=E—T_1,

where the shift operators T, T_, are defined by relation (1.2.2), and
the shift operator Ty with respect to ¢ is defined in an analogous way

Tof(x,t) =f{x,t + 7). (3.1.5)
Using suffix notation we have
r:-‘“f—r? +a 7 —hri‘-l =0:
n 41 ”» » n (3'1'6)
Si — 8 Si+1 — S
—a = 0.
7 h

3.1 One-dimensional hyperbolic equations 43

Scheme (3.1.4) in the variables # and v is
dgu A+ A, ah Ad.,
& %7 2r VT

T T2 T AR “, 1
dov _ A 44 _ah A4l (31.7)
T 2h T2 h2 :

The step operator of scheme (3.1.4) can easily be shown to be

mtl=Cypy, (C=EFE —%}A_l;

- .(3.1.8)
Sn+1=DS", D=E+TA1
and similarly, that of Eq. (3.1.7) is
wt = EE D — 0SSR (3.1.9)
pntl — _uun.'_ c+D ",
2a 2

Consider implicit schemes. The weighted implicit scheme is

[%2'(061 T—l +ﬂ1E) + a A};l ((XzTo +,82 E)]r = 0;

[% (lxl T1 + ﬂ] E) _ a-‘%i (0‘2 T0 + '32 E)] s=0; (3110)
a4 =0; fi=0; oas+fi=1; s=1,2.

Using the index notation we have

vidl — iy il — 1}
(“1 p - + ﬂl p +

»n41 n4l
7. — ¥i-

+a(zx2‘ T )=o;

3.1.11)
(0‘1 S?fll : Si+1 + ﬂ1 S?“T— s? ) _ (
B+l o+l n+ P
_a(o‘z Siyi hst +IS2 Si 1h Si )___0
The step operator of scheme (3.1.10) is
il = Cyn; sntl = Dsn, (3.1.12)
where
A0\ 4.4).
C = (O‘IT—I +ﬂ1E+a0C2‘E'T) ((XIT_1+ﬁ1E—dﬂg't'T),
- (3-1.13)
D= (oclTl +ﬂ1E — aocz'rf"—f-) (061T1 +ﬁ1E + aﬂzf%) .

In terms of the variables # and v we again use the formula (3.1.9), but
with C and D given by Eq. (3.1.13).
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The weighted scheme (3.1.10) gives us.the known formulas for run-
ning computation, including the explicit majorant scheme (x; = 0,
Bi = 1; a2 = 0, B = 1); the implicit majorant scheme (x; = 0, 8, = 1;
&2 = 1,y = 0); and the scheme of second order accuracy (x, = 8, = 1/2,
s=1,2).

(b) The ““cross” scheme

untl — yn e A-l o _ . U"+1 — yn _ AIM”+1 _
- @ £2T = o; - — = 0. (3.1.14)
(€} The weighted implicit scheme
n+1l __ 4n
’M_T_’u_ — a24_};—_1(0‘1 yn+l 4 ﬂl 1)") =0,
yr+l _ pn (3115)

- -—Ahl—(zxzu"“+ﬂ2u")=0.
With «; = 8, = 1/2 (s = 1, 2) Eq. (3.1.15) is of second order accuracy
(the Neumann scherne); with o =0, 1 =1, ag =1, B3 =0 it is
transformed into the “cross” scheme. '

The schemes (3.1.9), (3.1.14), and (3.1.15) are used as the basis for
the construction of simple schemes of integration of equations of acoustics
and of the wave equation in several dimensions.

3.2 Uniform implicit schemes for equations of hyperbolic type

The implicit approximation, as was shown for the first time by
Laasonen [29], is naturally suited to parabolic equations with an
infinite domain of dependence because in this case the domain of de-
pendence is also infinite for the difference equation.

As opposed to those of parabolic type, hyperbolic equations have
a finite domain of dependence; therefore, it would seem to be appropriate
to use an explicit approximation. However, this is not so.

As shown by the well known Courant criterion, the stability require-
ments are determined by the numerical values at a given point. At the
same time the accuracy requirements are determined by gradients. In
the case of a flow with small gradients (flow in a river, atmospheric
flows, etc.) the step 7, which is determined by accuracy requirements,
is much larger than the step determined by stability requirements.
Therefore the use of implicit schemes is also necessary for hyperbolic
equations.

1 Majorant schemes are those with positive coefficients (see [28]). In the
case of constant coefficients these formulas, as a rule, satisfy the extremum
property and are stable in C.
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The implicit scheme for the equations of hydrodynamics, based on
the method of running computation, was first suggested by L. D. Landau,
N. N. Meiman and I. M. Khalatnikov [30]. O. A. Ladyzhenskaya [31]
laid the first theoretical foundation for implicit schemes to be applied
to the wave equation with variable coefficients. The application of
implicit schemes in hydrodynamics is an accepted fact at the present
time [32—35].

3.3 Implicit schemes for hyperbolic equations in several dimensions

The method of splitting for hyperbolic systems in several dimensions
was suggested for the first time by K. A. Bagrinovskii and S. K. Godunov
[36). They considered only the explicit approximation, for which the
splitting scheme does not offer many advantages over the usual explicit
schemes. ’

In another work by N. N. Anuchina and the author [37] an implicit
scheme was proposed for hyperbolic systems in several dimensions.

Let us consider the equation of acoustics in the two-dimensional case

ou, 2 OV _ Uy g 0V v (% _Bﬂ) -0 1
TR T T T TR VR T - (3:34)

Eq. (3.3.1) in matrix form is

af _
'a_t_Af’ (3-3-2)
where
0 0 a*D,
4=10 0 a*D,i, D,-=a—‘;‘—, [ = {w, us, v}. (3-3.3)
D, D, 0

Let us construct a splitting scheme based on the one-dimensional
implicit scheme (3.1.15). At the first fractional step the following scheme
is obtained, when gradients with respect to x, are neglected:

2 !
u’f“’z—u’,‘ ual-l/ —

A_
— a2 1 (ocv"“/2+/3‘v")=0; =0; .
i & i (3.3.4)

n+1/2 __ om
T Sl 2% R
1

At the second fractional step, omitting gradients with respect to #, ,

we have
ul+l g1z

un+l — un+)[2 A_ .
; 2 2 —a? hZ(o‘vn+1 +ﬁ‘0"+1/2)y=0,

T ' 2 (3.3.5)

n — n /
pnt+l .,v +1/2 _%(“u’§+l+ﬂu§”"")=0.
2

For simplicity assume that

&) =0 = &, ﬁ1=ﬂs=ﬂ-



46 3. Application to hyperbolic equations

Clearly the splitting scheme (3.3.4), (3.3.5) is absolutely stable for
o > 1/2. Let us show now that this scheme approximates system (3.3.1)
or, what amounts to the same, the following equation, which is equi-
valent to Eq. (3.3.1)
a [ o3f 92 92
W[atz—“( {‘+ f)]_o’ 33.6)
which is satisfied by each of the values of #,, #; and v. The approximation
is proved by the method of elimination. By eliminating «7*¥/2 and #j*Y?

from Eqgs. (3.3.4) and (3.3.5) four operator equations are obtained with
four unknowns, #}, u?, v*, v**Y% which are, in matrix form:

T, — E pady 4,
—— 0 fa i o a® -
4, 1 1
X
T, —E 4, 4,
0 — x a? T, T, —fa* e
0 - 22 (xTy+BE) LT, ~ZE
uy
un .
b4 : = 0. (3'3‘7)
v
pntlje
Eliminating v+ from Eq. (3.3.7) we find
[# o "1;' (o To + ﬁE)] up— a2 Lt on =
1
[ E +pre At Ty + B B)| W — 52 Tow=0s | (339)
e aTo+ﬁE)uf—%(a Ty + B E) u} =0,
1 2
which can also be expressed in matrix form
T, — E
. fr=Bf; [r={uf, uz, o, (3.3.9)
where
x1Tal AlhAﬂ_l (06To+ﬂE) 0 a2_Ah_'1_
1 1
B= 0 ~pradil=(aTo+fE) 52T (3340)

ST+ BE) 2Ty + BE) 0
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It is easy to see that scheme (3.3.9) is consistent with scheme (3.3.2).
Consistency can also be proved in another way. If the determinant of
the operator scheme (3.3.7) is equated to zero, the following operator
equation of the third order for any of the values /* = uf, ug, v", y"* /2
is obtained:

Ty —E\8 , Ty—E A4

[( - )—az =2 (aTy + BE) 21 -

@ Lo E (T, + pEp el 4
AA_IAA_2

+ atr(2 Ty — 1E) (a Ty + pE)pdid= ]f"=0. (3.3.11)

The scheme (3.3.11) is consistent with the equation

?*f _ a 6"'/‘ a%f
=g ( o ) +7Lf, (3.3.12)
where L is some operator i.e., it is consistent with the equation
az/ azf azf _
ot [atz “ ( AT axg)] =0. (33-13)
Let « = 8 = 1/2. Then Eq. (3.3.11) takes the form :
—_ 2
(To — E) [(#) ~ & (Ty+Ep g —“—(TwE)ﬁ‘-’%ﬁ* +
tate e (Ty+ Ep i "" & Aol =0 (3344)

After simplification by (Ty — E) we obtam the equation of the second
order

P g b (Al Ao PO
72 n % 3 4
at AIA—IAZA—ﬁ n—1 n+1

which has accuracy of order O (2% + A?).
Let us show that the scheme (3.3.15) can be carried out with the
use of simple three-point sweeps. By taking v" (specific volume) as f~,

~ the following expression is obtained from the first two equations of

(3.3.7), after eliminating #7:

pr+8/2 __ gnt+l __ gn+1/2 + vn - AIA—l
- 2

‘(0‘2 yn+3/2 + “ﬁvn+l +
)

12, [
+ x fontl2 4 g2 o), (3.3.16)
From the last two equations of (3.3.7) we obtain, after elimination of ug,
vn+2‘_ yntd/e _a_ yntl + yn+1/2 _ A A—2 ((x2 pnte + “ﬂvn+3/2 +
T
+ zx,B vn+1 + ﬁz .Un+1/2) 3317)

Eqs (3.3.16) and (3.3.17) represent Eq. (3.3.15) for « = g = 1/2.
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3.4 The splitting scheme of running computation

By applying the running computation schemes (3.1.9) and (3.1.13)
to system (3.3.1) at each fractional step the following expression is
obtained

At = gy fr; frtl = g, frelle (3.4.1)
where
C,+ D, C, — D,
=50 —aio—t
0’1 = O E 0 b
_ C,—D, 0 C,+ D,
2a 2
£ 0 o (3.4.2)
Cg + Dz _ CZ - 'Dz
09 = 0 2 @ 2
0 _ CZ — D2 Cz + D2
. 2a 2

Operators C, and D,, according to (3.1.13), are expressed by
Cs = (0‘1 T+ BE +ozar 4, )_1(0‘1 T ,+BE ‘ﬁzaf%); l

By .

-1
D= (0T +BE —mar5t) (T + fiE + foat e
s=1,2.
The step operator ¢ of the scheme in whole steps,
n+1l — G'f" (344)
is expressed by the product of matrices o3, o
C,+D, — C,—Dy
2 0 @ 2
Cy,—D, C;,—D C,+D C,—D, C,+D o
6 =00, = 22 2, 12 1 22 2 g 22 2, 12 8 (3.4.5
_(Cz+Dz)(Cl—D1) _Cz—Dz Ca+D2.61+D1
4a 2a 2 2
The matrix
¢, +D,
e e R
-2 0 — =D
T 27
Cy+D,
o—E (C,—D)(Ci—D) — 2 F Cy—D,)(Cy+D ‘
i 2 — Py)\Cy — _a( 2 — D) (C1 +Dy) (3.4.6,
i 4T T 4
(Ca+Dy)(C:i+Dy) g
_ (Cz +D2) (Cl’Dl) _ Ca_‘Dz 4
4ar 2av T

Cf (3.43) ¢
A ); ] .
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approximates the matrix 4 of Eq. (3.3.3). It is easy to show that

ci + Di _ E
C;+D¢ . 2 . C,——D‘N Ai
———2 ~ E, __—T ~ 0; '—————Za - — T; (347)
It follows from this that
— E
=~ A (3.4.8)

T

Thus we obtained the required result.
Because each scheme of running computation is stable:

ol <15 Jof <1, (3.4.8)
the following inequality is valid:
loll <1 (3.4.9)

Consequently the scheme of splitting for running computation is reduced
to scheme (3.3.2). The following two remarks should be made.

(i) Despite the fact that the one-dimensional scheme of running
computation could have second order accuracy (at & = =1/2), the
scheme of splitting in whole steps is unsymmetrical and therefore is
not sufficiently accurate. In order to increase the accuracy scheme (3.4.4)
should be made symmetrical by assuming that (see [38] and also (94]):

c + o* 0. + o
=212 -2 lta% (3.4.10)
Cit Dy (G =Dy (Cy—Dy) _ (€ — D) (Cy +Dy)
2 4 4
o* = 0y0y = 0 Lot D SA k2 . (3.4.11)
_6C =Dy (G, +D)(Cy—D,) (Cy+Dy)(Cy+Dy)
2a 4a 4

Then the step operator X' has the symmetrical form

G+ D, (€1 =Dy (Cy =Dy _ (€2 =Dy (Cy + Dy + 2E)

2 4-2 4-2
(Cy ~D,) (C; — Dy) C,+ D, _ a{C, — D,) (C, + D, +2E)

= 4-2 2 4.2
(Cs+Dy) (Cy+Dy) +
_C+Dy+2E C—D, Cy+D+2E C,—D, +(Cy+Dy) (C,+Dy)

2 4a 2 4a 4-2
(3.4.12)

(ii) During the multiplication of matrix operators their elements
(operators) should be multiplied, taking into account their possible
non-commutative property.
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3.5 Method of approximate factorization for the wave equation

In the preceding sections schemes in fractional steps for the equation
of acoustics (3.3.1) were considered. As was noted, the values u;, u,,
and v satisfy Eq. (3.3.6). The value » satisfies the wave equation

a;; s ( 22 + "2 )_ 0. | (3.5.1)

Therefore the four-layer integration scheme (3.3.11), or the equivalent
scheme in fractional steps (3.3.16), (3.3.17), can be simplified when
applied to v. E. G. D’yakonov [101] suggested the three-layer integration
scheme of Eq. (3.5.1) based on approximate factorization of the operator.
Let
U”+1 —2‘0”—‘;—1}"—1 vn+1+vn—1 .
> =4 2 H
4,4_,
o’

(3.5.2)

A=4,+4;,, A, =a® s=1,2,

be a uniform scheme of second order accuracy consistent w1th.

Eq. (3.5.1). Rewrite Eq (3.5.2) in the form

(E ___rgA) vn+1+vn 1

o 5.53)

Let us factorize approximately the operator on the left-hand side of

Eq. (3.5.3)

E—-;—12A~(E—%12/11)(E——%12A2) (3.5.4)
and replace the scheme (3.5.3) by the factorized expression
1 1 yrtl gl
(E -1 /11) (E —tim /12) L (3.5.5)
Scheme (3.5.5) is effected in two sweeps
(E _ —;—-12 /11) P12 = gns
(3.5.6)

yn+1 +‘U"_1

= gn+1/2,
2

(E - '%‘ 12 Az)
It is easy to see that scheme (3.5.5) is stable and is of second order
accuracy.
Splitting schemes for the equation governing vibrations were con-
. structed by A.N. Konovalov [40] and A. A. Samarski [41].

3.6 The method of splitting and majorant schemes

The schemes of running computation for one-dimensional hyperbolic
systems, which are based on the majorant approximation of the equations
in invariant form, lead to schemes with positive coefficients (majorant
schemes).
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K. O. Friedrichs [42] introduced the idea of positive schemes (schemes
with positive matrices). The scheme

wtl(xy, . %) = Coy a1 F 01 By, o X F O By)
=2Ca1.__am ix T“mun(x ...,xm), [ 36.1)

Xi= —4@qi,...,4i, 1t =1,...,m,

is positive if all C,,...,, are positivel.
As applied to hyperbolic systems in several dimensions the method
of splitting makes it possible to obtain majorant approximations. Let

+2A—+Bu—o (3.6.2)

be a linear (symmetrlcal according to Friedrichs) hyperbolic system.
Here u = {u,, ..., up} are vector-functions; 4, and B are symmetric
$ x p matrices.

The author [28] demonstrated the possibility of constructing
majorant schemes by the method of splitting.

Following N. N. Anuchina [43] we show that it is possible to con-
struct majorant approximations of type (3.6.1) for equations of type
(3.6.2). If A, are positive matrices, then applying the approximation

B w0y S4B+ Bu =0, (.69)
the following scheme is obtained
Wi (x) = Cowr(x) + 3 C_ T_pw'(%), (3.6.4)
where “=1
c_1=h—’1A,, c_2=hL2A2, c_,,,={:Am; 0.6.5)
T i, 2 =00, ooy X = By oy X))

When 7/k is sufficiently small, the matrix C, is positive and the matrices
C_, are likewise positive.

If 4, are negative matrices then E — T_, should be replaced by
T, — E in the scheme (3.6. 3). The resulting scheme is

w1 (x) = Cour(x) + 2’" C. T, ur (), (3.6.6)

—

! A square symmetric matrix 4 is called positive if all its eigenvalues
are positive,
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where
LR 4
Co =E + Z '};—Aa TB,
o=l &
T
C1= _%All Cg= _‘ZAZ) s ey Cm= —"‘TK—AM'
Tasf(xlx .. -;xm) = f(xly ce Xy ha: . ';xm)y

C, are identically positive; C, is positive for sufficiently small z/h.
If A, are indefinite matrices then the following representation is

possible 1 2

A, = A4, + A,, (3.6.7)

1 2
where the matrix A, is non-negative, and the matrix A4, is non-positive.
Then the scheme ‘
n4l — m 1 _ 2 ' ___
wie) —wh 3 (A“————E L E)“"(x) +Bur(x) =0

T a=1 h’“
(3.6.8)

is reduced to

W) = Cowrx) + 3 Cy Toa?(®) + 3 Co Town (%), (3.69)
a=1 aal

where
m T 1 m T 2
C°=E—ZTA“+ZT ,x—TB;
. @=1 T “-2‘ * (3.6.10)
C_“=%Aa; Ca=—-,§-Aw x=1,...,Mm.

Matrices C_,, C, are always positive and the matrix C, is positive for
sufficiently small z/h.

The method of splitting makes it possible to construct easily realizable
positive schemes. Consider the explicit majorant scheme of splitting

n+alm _ gyn+{s—1)m 1 E — T_' 2 T‘ — FE B
s=1,...,m. (3.6.11)
The scheme (3.6.11) is reduced to
un+s/m = CG Mn+(s—1)/m’ (3.6_12)

where
Cs = Co.e + C—s T_, + Cs Ts;

r } T vB
Cos=E = 5-do+ 54, — (5.643)
1 2
C,=24,; Ci=——oA4, s=1,...,m
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The operators C_, and C, are always positive, and operators C,, are
positive for sufficiently small /4. Consequently the scheme

wHl(x) = Cp, Cppey . . . Cy 0 () (3.6.14)

is positive.
Majorant schemes occupy a special place in difference methods.
Despite the fact that they are of low accuracy, they are optimally

stable at the same time. They produce good convergence in the space C
and are simple in practical application.



Chapter 4

Application of the Method of Fractional Steps to Boundary

Value Problems for Laplace’s and Poisson’s Equations

4.1 The relation between steady and unsteady problems
Consider the Dirichlet problem in the rectangular region G

?u %2u
A tsE =0 (4.1.1)
(%1, %2) = f(%1, %), (%1,%) €Y, (4.1.2)

where y is the boundary G, G = {0 < x; < &, ¢ = 1, 2}. Along with
Eq. (4.1.1) consider the unsteady problem

b _ (P, O W
=5t o) (+13)
(%1, %2, 0) = (%1, %2) (4.1.4)

with the same steady boundary conditions (4.1.2). Denote by U (%;,%s)
the solution of the problem (4.1.1), (4.1.2), and by # (%, , %2, ) the solution
of the problem (4.1.3), (4.1.4), (4.1.2). Then

Y (%1, X, 8) = u(%y, %9, 8) — U (%1, %2) (4.1.5)
satisfies Eq. (4.1.3) with initial conditions
v (%, X2, 0) = Vg (%1, %2) = g (%1, %2) — U (%1, %3) (4.1.6)
and zero boundary conditions
v (%, %2,8) =0, (%1, %) €Yp. (4.1.7)

v (%, %3, £) is represented in the form

oo o
(%, %2, 0) = Y Apeyieg () sinky %, sinks %, (4.1.8)
k=1 Kp=1
where
Ay (0) = s, g—a (ki + ki) (4.1.9)

is the Fourier coefficient of the function v (%, %3, #); @,x, is the Fourier
coefficient of the function v,(%,, %3).
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Formulas (4.1.8) and (4.1.9) can be represented in operator form

v = S(f) vo. (4.1.10)
The operator S(f) in space Ly(G) has the norm
[S@) | = ez (4.1.11)
The step operator S(r) has the norm
[|S@)| = e2a=. (4.1.12)
It follows from this that
[S®] -0, t- 0. (4.1.13)
This means that
v, %2, )| = | % (%1, %2, 8) — Uz, 23) || > 0 (4.1.14)

as ¢t — oo, i.e., the solution of the unsteady problem approaches the
solution of the steady problem with the same boundary conditions,
regardless of the choice of initial data.

It is evident that there exist many unsteady equations the solu-
tions of which converge to the solution of the steady problem. Instead
of Eq. (4.1.3) the following equation, for example, can be considered:

ou | ., Bu 2(6214 6214)
= 7+ 57)

= — (4.1.15)

The unsteady equation takes on the character of the equation of
damped oscillations. It can be shown that in the case of Eq. (4.1.15)
for any initial data related to u(xy, #,, 0), au/at|t=0 the solution of
Eq. (4.1.15) converges to U (xy, #,).

The unsteady equations (4.1.3) and (4.1.15) in these examples
describe certain definite physical processes, namely, the diffusion of
heat, and propagation of damped oscillations. However, in other cases
the corresponding unsteady equations could have only a formal
meaning, satisfying the mathematical conditions of damping (4.1.13)
without describing any definite physical process.

This is true for the equation of elastic equilibrium

4 4 4 .
Adu =T+ 255 + 5 = 0. - (4449)
The unsteady equation

8tu dtu
oo T om0 (4.147)

ity
= + a? [a_x‘{ +2
has the solution operator S(#) which satisfies the damping condition
(4.1.13); and yet it is difficult to find a physical model which could be
described by Eq. (4.1.17). This, however, will not prevent us from
using Eq. (4.1.17) for the construction of iterative schemes.
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4.2 The integration schemes of unsteady problems and iterative
schemes

The relation between unsteady and steady equations demonstrated
above can be transferred completely to difference schemes. Consider, for
example, a two-layer difference scheme for Eq. (4.1.3),

n+1 _ am
v ¥ Qyun*t + Qour,  T= a(thsr — Ba), (4.2.1)

Ta

where £2;, £, are certain spatial difference operators which depend

on T,, hy, hs.
Let u" be the solution of Eq. (4.2.1) which satisfies a certain initial
condition
ud = uy : (4.2.2)
and the steady boundary conditions

wr=f, (%1,%)€EYp. (4.2.3)
Let w be the solution .of the difference boundary problem
Aw=0, (m,%)eCG w=f (0, %)ey;

4,4_;

A=A1+A2) Ai=—}T’ 1’.=1:2: (4.2‘4)
i

where f is the function from Egq. (4.2.3).
The difference
vt =t — W

satisfies the equation

P Qo Qo 4 (Q + Qy — A w.

T”

Remember that the operators ,, £, depend on t,, 4, A; while the
operators A, A,, A, depend only on 4, k.
Let us introduce the quantities

R,=(+ 2, — A),_yw, R =max ”Rn ", (4.2.5)
where ||R,| is taken for all 7,, bounded by a certain value Tmax-
Because of Eq. (1.2.24) we have
= C,av® + Zn’ Cras (4.2.6)
where =
Coa =CaCriq...Chtr, Co=(E -1, E + 7, ),
7y = Ty 1(E — To_1 $1)' R,.

If the scheme (4.2.1) is strongly stable for a given law of approach to
the limit (see Sec.1.2), i.e.,

4.2.7)

ICall <1 = ks, (428)
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where the constant 2 > 0 does not depend on t,, then the relation

Jor ] < (= ko) |20 + Tonax R 3 (1 = i)~

= (1 = kT [0 + 50— (= Rra)), (429)

is valid, where Tmax, Tmin are the bounds of 7,

Tmin < Tn < Tmax -

For fixed Tmin, Tmax and as # — o0 we have
R v
kE T

lim [[o*| < (4.2.10)
Since the approximation £, + £, ~ A is valid for scheme (4.2.1),
then as Tmax = 0, #(Tmax) = 0, R = 0, and from Eq. (4.2.10) it follows
that

lim| 2| =0
for
"o 0, T 0, 2 =0().

Thus, with the approximation condition £; + £, ~ A and strong
stability of scheme (4.2.1), the solution #" of the problem (4.2.1) —(4.2.3)
approaches the solution w of problem (4.2.4) if # — 00, Tmsx =0,
7 (Tmax) = 0 Tmax/Tmin = O (1), and u, is arbitrary. It follows from this
that any strongly stable integration scheme (4.2.1) of Eq. (4.1.3) may
be considered simultaneously as the iterative solution scheme of the
boundary value problem (4.2.4). The integration step 7, in this case
can be regarded as an iterative parameter, or as a relaxation parameter.

As was shown before, the convergence u® — w requires, generally
speaking, a refinement of v and 4. If the approximation condition is
required in stronger form

(Ql + .Qg —_ .A) w — O, (4-2-11)

where T — 0, and % is fixed, then the convergence #* — w may occur for
fixed %, but for very small 7,, in general. In the case of still stronger
approximation requirements the convergence #* — w occurs for arbitrary
7 and /4. Suppose that the relation

is satisfied at any 7. The condition (4.2.12) is called the condition of

complete consistency. If condition (4.2.12) is satisfied the convergence
#* — w occurs if and only if

" Cro " -0, #n->o0. (4.2.13)
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The condition (4.2.13) is the condition of asymptotic stability which,
as is known, follows from the strong stability conditions (see Sec. 1.2).
Condition (4.2.12) can be expressed in a more general form. Consider
two-layer iterative schemes of the type
nt+l __ gn
B (“—+—“) = Awun, (4.2.14)

T

where B is a certain linear operator. The expression (4.2.14) is the
canonical form of two-layer iterative schemes and it is called the scheme
of universal algorithm [87].

Let w be the solution of the stationary problem (4.2.4). Then v
= w — u" satisfies Eq. (4.2.14)

B (ﬂlr———v”—) = A

The step operator C for the scheme (4.2.14) is
C=E+tB1A. (4.2.15)

If the operator C from Eq. (4.2.15) satisfies the strong stability
condition, then we have convergence v* — 0, »* - w for any 7 and &
which are located within the region of strong stability. Thus, we can
consider the reduction of the iterative scheme to form (4.2.14) as a
condition of complete consistency. '

In the case when the B operator is a polynomial in 7 and in a set
of some finite space operators, it is easy to use Eq. (4.2.1) instead of
Eq. (4.2.14) together with the complete consistency condition (4.2.12).
In the case of a B operator of more complex structure such a transfor-
mation is impossible. Later, we shall consider the possibility of putting
a scheme in the form (4.2.14) as a definition of complete consistency.

For two-layer schemes not satisfying the conditions of complete
consistency we have ‘

B ("—”T‘—“) = Quw, (4.2.16)
where the £ operator approximates the A operator for some passage to
_the limit law 7 - 0, 2 — 0.

Let us determine now the speed of convergence of an iterative scheme
with complete consistency and strong stability for fixed parameters 7,
hy, hy. When h,, h, are fixed, 7 is selected in an optimal way so that the
norm of the C operator becomes minimal. Let

min || C(z, b, o) | = 1 — &(hy, ho). (4.217)

The speed of convergence can be estimated asymptotically by letting
hy, hy approach zero and by expanding &(#y, A;) in series in #; and h,.
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Assume, for simplicity, that % = A, = A and that the asymptotic
evaluation

min|C(z, by, ha) | =1 — Rk, R>0, a>0 (4218

is valid. It is not difficult to show that, in order to decrease the norm of
the deviation »* by (¢ = 1/¢) times, we need m iterations, where

|lng|  Ing

R h* R

Ne, N~+ (4.2.19)

m ~ 7

A study of the stability and the speed of convergence is especially
easy, for schemes with complete consistency, in the case when the C
operator has functions (harmonics) sink, x, sin&, %, as its eigen-functions.
In this case we have

Ny, N,

YN = Z an(T, hl,hg,kl,kg) Sinkl X1 Sinkgxg;

Ky, Feg=1
ar = o(Tn, by, ba, By, o) @771 = " a¥; (4.2.20)
0" =0T, h, o, by ko) 0 (Tns B B, By, o)

” Cn” = Ilrci,aif)f IQ(TYH hl: h‘2y kly kz)l,

where C,, is the transition operator from the (» — 1)-th to #n-th iteration.
Thus, the norm of the iterative step operator is defined as the maximum
of the modulus of the amplification factor g, corresponding to the
harmonics sink; x; sink, %, .

For operators, the eigen-functions of which are not harmonics, the .
harmonic analysis of stability has only a heuristic character.

4.3 Tterative schemes for Laplace’s equation in two dimensions

We now give comparative analysis of the iterative schemes for the
Laplace equation.

We need here the following notation: g = p (v, Ay, b2, k1, ko) is the
increment coefficient of the harmonics sink, x; sink, %, following one
iteration with a step 7;

Qo = "C(T:hlyh2)” = f{ﬁﬂel, I
01 = mrin ”C(T, hlr h«z) ” = mt]..neo; (4'3'1)
@n =Q(Tl)hlﬂh‘2ykl’k2)9(r2rh1)h2)k1:k2)"'Q(Tn:hlth2;kl;k2): ]

on is the increment coefficient of the harmonics sink; x, sink, x, after #
iterations with steps 7, ..., Ta,

4av . .
a; = 72 sin? 1= 1:2’
i

kb, _ @
2 ’ | h%:
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m is the number of iterations necessary to achieve a given accuracy &;
Bi=1,2,...,N;, (N;+ 1) h;=n, ¢=1,2. In what follows asym-
ptotic estimates are always made and therefore it is assumed that
51n—2—_ > cos—2—_ 1 T
approximately. In addition, for simplicity, we assume that &, = 4y = k;
at=1.
(i} The explicit scheme
n+l __ gn
Tl A, A=+t A= 432
i
p=1—(a; + ay),

T O I

Complete consistency is always achieved, and strong stability applies
under the conditions » < 1/4. It follows from this that

0 = max{|1 - 21,

1
91 =1 - _Z—hz’ (434)
m o~ 2|ln£|N2. (4.3.5)
(ii) The relaxation scheme along a line
wrtl PYid
_—T— = Al 'M"+1 + Az un., N (4.36)

The scheme (4.3.6) satisfies the condition of complete consistency

Q= 1 +a1' (4'3'7)

From the strong stability of the scheme (4.3.6) for » < 1/2, it follows
that

1— 1—4
go=max{|1+: R ’ 1_:;*_1}, (4.3.8)
o1 =1— 12 (4.3.9)
m = |Ine| N2, ‘ (4.3.10)

Thus, scheme (4.3.6) converges twice as fast as the explicit scheme.
The following scheme is quite analogous:

ﬂ%_—un = A, ur + A un+2,
(ili) The scheme of upper vetuxation (u.r.scheme). Thisis due to Young
and Frankel [44, 45].

(E_“Tgl)ﬂr_"=/1m\
0 - Tt Ty —4E A—A\-c\/l (4.3.11')
1 = h2 » - 1 2.
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The u.r. scheme has complete consistency

1+2a7 + (20 —4)7 (sing%z -+ sin“‘k—%ﬁ) + a7(sink; h + sink, k) ¢
Q =
1+2ar 4+ 2ar (sinzg + sinzl%) + o #(sink, b + sink, k) 1

(4.3.12)
The scheme (4.3.11) is strongly stable for the condition &« > 1. The
expression for p is a complex number because functions sin %, x, sin 2, %, are
not the eigen-functions of the £, operator and the harmonic analysis of
stability ceases to be rigorous. It is easy to show that 9 =1 —const *
for an appropriate selection of &« and v [53, 27]. It is clear that the
u.r. scheme increases the convergence speed by one order as compared
with the preceding schemes. The u.r. scheme is realized by a recurrence
procedure along the principal diagonal.

(iv) The scheme of alternating directions (a.d. scheme)
un+1l2 — yn 1

— _?(Alun+l/2+/12un);

(4.3.13)
Wt A (A un i g Ay unt).
T 2
The equivalent scheme in whole steps is
u = Ql unrtl 4 92 ur,
Q=414 24, (4.3.14)

g =Mt Ty,

From Eq. (4.3.14) follows complete consistency

el
o= (1 +_;—a1) (1 +1?a2). (4.3.15)

The a.d. scheme is strongly stable for any 7

’ 1-——;—1 : 1—27(1 ———};—2) 21 (4316)

Q¢ = max , ,
B | PRI ) ey P
01 =1—2h, (4.3.17)
1
mo_r—2—|lne|N. (4.3.18)

The a. d. scheme, as with the u.r. scheme, increases the rate of con-
vergence by one order as compared with schemes (i) and (ii). This is
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related to the strong stability of the a.d. scheme for any 7, as opposed
to schemes (i) and (ii), which are stable for sufficiently small 7 (of
order of 42%). )

(v) The scheme of stabilizing corrections (s.c. scheme)

un+l/2 —yn
__z‘_—= Alun+1/2 + Azun,

R (43.19)

p = Ag(u"“ - ’V‘n).

The equivalent scheme in whole steps is

W W 0wt 4 Qo
T (4.3.20)
QI=A1+A2—TA1A2, 92=1A1A21
_ 1+ a,a, _ 1+aa
= T F o ¥t ad, ~ (G Fag( +ay’ (4.3.21)
l 1+ 72 : 1“HWB(’“%{) l
Qo = Max s > (4322)
li+2’+12 1+8r(1——?—)+1672(1—%i)l
1
m =~ |Ine| N. (4.3.24)
(vi) The splitting scheme
n+1/2 _ gn
Ld +1: bd — Al(“ yn+1/2 + ﬂun);
untl un+1/2 <4'325)
_—1__ — Az((x untl + ﬁun+1/2).

The equivalent scheme in whole steps is
n+l __ g
ijT_u._ — Ql yntl _Qz wr,
Q= a(ly + 4) — ot Ay Ay, (43.26)

Q2 = ﬂ(Al + A2) + ﬁZTAIAz.
The scheme (4.3.25) satisfies the condition of complete consistency for
o« =f = 1/2. At the same time it becomes equivalent to the a.d.

scheme.

(vii) The predictor-corrector scheme (scheme of approximation correc-

tions).
n+1/4
wur+1l u" - Al M"+1/4. urtl2 _ gn+lia - A2 ynt12
1/2 ’ 1/2 ! (43 27)
un+1 —yn R

= (Al + Az) w12 = A ynt+1/2,

r
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From the first two equations
Auyn+1iz = (E - %Al) (E — %Az) un*12 = Eyn, (43.28)

By eliminating #*+1/2 between the last of Eqs. (4.3.27) and Eq. (4.3.28)
we find that
At —w)y =1 A u" (4.3.29)

It is easy to see that the scheme of approximation corrections (a.c.
scheme) is equivalent to the a.d. scheme.

(viii) Schemes with singular operators. V. K. Saul'ev {27], N.I.
Buleev [20], A. A. Samarskii 150], and V. P. IV'in [48, 100] have applied
integration schemes and iteration schemes which can be considered as
alternative forms of schemes with fractional steps for (4.1.3). In appli-
cation to the heat conduction equation and to Laplace’s equation, in
place of the approximation

A4, 4_ T,— E E—T;!
A=A1+A2: Ai= ‘h? L= ‘h? - h? :
we use the approximation
/1 = .Q] + 92,
_ T —E T;' — E ’
== t—wm (43.30)
T,—E T,—E
92 = 1}13 + zhg .

Since for any sufficiently smooth function f we have
=ol[L). =0(1- | =
H&W—OU)IW&MIOQMJ i=1,2, (43.31)

the operators Q,, 0,, 2, 2, are singular (see Sec. 1.2). The intégration
scheme of Eq. (4.1.3) is based on expression (4.3.30) and in fractional
steps is

n+1/2 __ om
u — Lod —_ Ql(o‘ ynt+i/2 + /3’14"),
Wt O (unt 4 funt ), - (43.32)
T

x>0, f>0, a+p=1,

un+l/2 — ur

- = x Ql untiiz 4 ﬂgz ur;
wntl _ gn+1/2 (43:33)

= —_ ﬂ 91 ynt1/2 + 92 unt1
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Eqgs. (4.3.32) have the structure of the splitting scheme, and Egs. (4.3.33)
have the structure of the a.d. scheme. Schemes (4.3.32) and (4.3.33)
are equivalent because they have identical schemes in whole steps

(E—at) (E—-at)urt=(E + v Q) (E + frip)u (43.34)
After reduction of scheme {4.3.34) to
u — 0‘(91 + 92)un+1 +ﬁ(91 + Qg)u" + 19192(ﬂ2un_ 062'14""'1)

= A(xu*t + Bur) + v 8y p(f2un — o2 untl) (4.3.35)

T

it is easy to estimate the order of approximation of scheme (4.3.34).
It follows from Egs. (4.3.31) that scheme (4.3.35) does not approximate
Eq. (4.1.3) for § # & and when we proceed to the limit with ¢/A = const.
On the other hand, consistency is attained for 8 = « = 1/2, but it is
of the first order instead of the second.

Treating the expression (4.3.35) as an iteration scheme, we see that
it satisfies the property of complete consistency for « = § = 1/2. From
the expression for g,

Q =
1 — B(ay + a;) + 472 B2 (sin’élz—h# + sinzﬁz—}f +2 sink12—hsink’7h coséz—;ih)
1+ afa, + a;) + 472 a? (sin’ﬁ—lz—}-’ + sinzkz2 +2 sinl%}fsmk;h cos’;ez;—k‘h

(4.3.36)
it follows that the scheme is strongly stable for & = 1/2.

The execution of Eqgs. (4.3.32) and (4.3.33) is very simple: a recurrent
calculation from below upwards and from left to right is applied at
the first fractional step, and a reverse direction is used at the second
fractional step.

Schemes with singular parameters are carried out in a similar way
to the execution of symmetrical schemes of upper relaxation (see, for
example, [39]).

(ix) Schemes with additional parameters. It is evident that additional
parameters can be introduced into the stabilizing correction scheme of
Douglas and Rachford. This was done by Douglas in [26]. The s.c.
scheme with arbitrary parameter is

WD A g (A — o A s
(4.3.37)

yntl un+1/2

- = o Ay (w1 — un).

After eliminating #"*tY/2 we have
(E —atd) (E —axtd)untt=[E+1(1 —o) A+ a2 A As]ur. (4.3.38)
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For ¢ the following expression is obtained
_1—(1—a)@ +a) +a%aa,
e= 1+ a(ay + ag) + a*a,a, ) (43:39)

The scheme (4.3.37) has complete consistency and is strongly stable for
« >1/2. For &« =1 scheme (4.3.37) represents the s.c. scheme of
Douglas-Rachford, and for &« = 1/2 the s.c. scheme of Douglas-Rachford
is equivalent to the a.d. scheme.

V. P. Ill'in [48] has proposed another one-parameter set of schemes
which include the a.d. schemes and also the s.c. scheme of Douglas-
Rachford:

urtlz _ yn

1
p = 3.(/11 ynt1/2 + A2 M"); ( )
4.3.40
n+1l __ ,n+1/2 n+1/2 __ . n
“ T“ =kZ - “ +%A2(u"+1—u").

The scheme in whole steps is

(E - %ml) (E - %mg) v 2R e, (;.3.41)

T

Scheme (4.3.41) satisfies the property of complete consistency. From the
expression

k
1— > (ay + ay) + 7 Q%

0 =—" (4.3.42)
1+ —2‘(“1 + a,) +Ta1“2

it follows that Eq. (4.3.40) is strongly stable for —1 < k < 1. For
k = 0 scheme (4.3.40) is the s.c. scheme of Douglas-Rachford, and for
= 1 it is identical to the a.d. scheme.
V. A. Enal’skii [49] analyzed a one-parameter set of schemes contain-
ing the splitting and a.d. schemes for particular values of the

parameters. This set of schemes is of the type
urtiz _ yn

= — “Al unt1/2 + ﬂAl u" + .},A2un;
w1 s (43.43)
- < = O‘A2 untl 4 7/11 wnt1/2 4 [3/12 un+1/2,
where «, B, v are undetermined parameters. ‘
After eliminating #"*+1/2 we get the scheme
un+1 — yr
_____=Qlun+l +Qzun’ l

T
O =ad—a2td, A,

0, (ﬂ+7)A+TL37A2+(ﬁ_7)2A1A2]~l
With the conditions

x+pB+y=1; (ﬁ—y)ﬂv—a==0 {4.3.45)

(4.3.44)
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Eq. (4.3.44) is
u:Auﬂ+aA(u"“—u") +PfyrA2un —atv Ay Ay (w1 —wh).

Thus, scheme (4.3.43) is reduced to the canonical form

yrtl — y»
———=Aw

B = (E +ﬂyTA)_l (E - OCTAI) (E - (XTAz)

and satisfies the condition of complete consistency.

From the second of Egs. (4.3.45) follows the alternative

x=F—~y, a=y-§f.

Since the parameters «, 8, y are related by the two relations (4.3.45),
scheme (4.3.43) allows two arbitrary parameters v and «. Assuming
that y = 0, we find that o = = 1/2, i.e, a splitting scheme with
two equal weights is obtained; putting # = 0 we have & =y = 1/2,
i.e., an a.d. scheme is} obtained.

It is easy to establish that these schemes can be represented in the
form

(4.3.46)

= Au", (4.3.47)

un+l — ur
—
where
=(E —at1d)(E —ax7tdy) . (4.3.48)
for a.d., s.c., and a.c. schemes;
B=(E—~at8)(E — 1) (4.3.49)

for the singular operator scheme; and

B=(E+BytA)y ' (E —atd)(E —a1) {4.3.50)
for the scheme of V. A. Enal'skii. The canonical form (4.3.47) is also
included in the works of E. G. D'yakonov [90, 95] and A. A. Samarskii
[91].

4.4 Tterative schemes for Laplace’s equation in three dimensions

A brief review of the iterative scheme for Laplace’s equation in three
dimensions is given below. It should be noted here that many properties
and classifications of schemes change on going from the equation in
two dimensions to the equation in three dimensions.

(i) The a.d. scheme

n+1/8 _ gy
_u__;__.u_. — .%_ (Al un+1/3 + Az ur + As un);
n+2/8 _ yntl/s
“___T_“_ = %(/11 W1 4 [, unt ¥ 4 Ay unt13); (4.4.1)
un+l — ynt2/s - _1_(/11 unt2l3 4 A, unt28 4 Ay urtl)

T 3
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is conditionally stable (see Sec.2.1). The scheme satisfies, as before,
the property of complete consistency. However, this is not in the sense
of Eq. (4.2.12), but in that of Eq. (4.2.14). In fact we have, after ehmmat-
lng un+1/3 and un+2/3

urtl . yn :
——1‘— - Aun’ ]

[E + g TA+ 2Ty My + Ay Ay + Ao /13)]'1 Xt (4.42)

X (E - ?'r/l,) (E - —3—1112) (E - —;—1:/13),
(i) The splitting scheme

un+1/3 —
__.1_“ = A, (xw*V3 4 B un);
ur+es _ yn+1/3
— = Ap (o un+2/3 4 B yn+1/3); (4.4.3)
urt+l un+2/s

- = Ag(x unt1 +ﬂun+2/3)

in whole steps is
un+l — ur
—_— = (/11 + A2 + /13) (ocu"“ + ﬂun) _

T

bl T(Al Az + Al A3 + Ag Aa) (“2 w1l — ﬂ2 un) +

+ 124, Ay Ay (o® urtt + 3 un). (4.4.4)
It follows from this that the splitting scheme does not satisfy the
property of a complete approximation for any &. From the expression
for o,
1 —Bla, + a, + as) + B*(a, 8, + ay 85 4 aza5) — B2 a a0
1+ o(a, + ag + a5) + a2(a,a, + a; a3 + aza;) + o®a, a,a,°
it follows that the scheme is strongly stable for & > 1/2.

'Ijhus, while the a.d. scheme conserves its property of complete

consistency and loses that of absolute strong stability, the splitting
scheme loses the property of complete consistency and preserves
that of absolute stability. The schemes cease to be equivalent.

e= (4.4.5)

(i) The approximation corrections scheme of Brian [25] (see Sec. 2.7)

un+1/8 J—y 1
T = Al unt1/6 + /12 u + As un;
n (]
i‘% = Ay (wr+2/6 — yny;
ur+8/6 _ yn+2ie (4.4.6)
72 = Ag(urtsie — u");
untl yn
= = Al yntile 4 A2 untele + Aa unt3le,
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After eliminating fractional steps, the scheme has the form
untl oy

(E - %m,) (E - %mz) (E - %:As)-r— =Adw. (447

The scheme possesses complete consistency. Absolute stability follows
from the expression for g,
1
1"—2‘(“1 + a5 + a,) —|—%(a1a2 + a1 a5 + Gy a) +%41“2“s
o= n 1 ; . (44.8)
1‘}‘—2"(“1 + a; + ay) +_4T(ala2 + a1 a5 + a5 ay) +§“1“2“s

The a.c. splitting scheme has a simpler structure (see Sec.2.7)

un+1/6 — oy un+2/6 . un+1/6
— — Alun+l/6; - _0‘1 = Azun+2/6;
untl2 _ gm+2le untl — yn (4.4.9)
A = Aguntle; X T = Auntle,
xT ’ T

The scheme in whole steps is

n+ 1 n
(E— atd) (E—atd)(E —at1d) X" = Aun. (4.440)
The scheme has complete consistency and strong stability for 1/2 <o <1.

The scheme is transformed into Brian’s scheme for & = 1/2.
(iv) The scheme of stabilizing corrections

untl/3 _ yn
- T = “Alun+1/3 + (1 _(x)Alun + (A2 + Aa)u";

T
+2/8 __ 4m+1/8
l‘.."_t—“_ = o Ay (4 +23 — un); (4.4.11)
+1 +2/3
u* u" = o Ag(wn+t — ).

T

For & = 1 we have the s.c. scheme of Douglas-Rachford [12]; and for
& = 1/2 the s.c. scheme of Douglas [26]. The scheme in whole steps is
n+1

(E—atdy)(E—atdy) (E —atd) T = Aur, (44.42)

from which complete Vconsistency follows. From the expression for p,

_ 1 — (1 — ) (a; + ay 4 ag) + a2(a; g + @y a5+ a3 85) + a*a, a; 25
1 + o(a; + @y + ag) + &%(a; 83 + @; 85 + a3 45) + &® @, a3 a4

(4.4.13)

strong stability of the s.c. scheme follows for & > 1/2. The s.c. scheme .

is equivalent to the a.c. splitting scheme.
(v) The scheme of universal algorithm. We can start with the canonical
representation

(E—atd)(E—atds) (E—atds)

WEZW _Aw (44.14)

T
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of the schemes with fractional steps, which corresponds to the scheme
of universal algorithm (see [27])!. It follows from Eq. (4.4.14) that the
scheme of universal algorithm is equivalent to the s.c. and a.c. schemes.
The scheme also could have the following representation

(E —_ tXTAl) yn+1/3

= UE —a74) (E — a1dy) (E ~ a74) + v AJw; l
(E — a7 A)un+2/3 = yn+1/3; (4.4.15)
(E — a7 Ag)un+l = yn+2/3, l

which corr'esponds to the scheme of approximate factorization with a
corresponding algorithm for the solution of the boundary conditions
(see Sec.2.5 and 2.6).

(vi) The iterative scheme with additional parameters, which was
suggested by V. P. Il'in, is

un+ 13 __ ur

—_ Al ynt+1/3 + A2 u" + A3 ur;

T
ur 28 _ gm+ 138 urtls _ yn
= + .
— ) - + Ag(un+23 — ynj, (4.4.16)
urtl un+2/8 un+2l8 YL
z =k2 =z +A3(u"’+1 —u").

After eliminating fractional steps we have

(E—14)(E —v4) (B —7A) =% (4 4 k) (1 + a) Auir,

. (4.417)
Assuming that
(4 + k) (4 + k) =,

we see that scheme (4.4.16) is equivalent to the a.c. and s.c. schemes
and to the scheme with a stabilizing operator.

(vii) The scheme with singular operators. As opposed to the preceding
schemes, the scheme with singular operators requires, as before, only
two fractional steps.

In the three-dimensional case we have

3
A=3A;=Q + Qy;

i=1

T ,—E T_,—E T ,—E
0. = 1 2 -3 .
1 W + o + YR (4.4.18)
T, —E T, — E T, — E
2, = =1 2 3

! Eq. (4.4.14) was shown for the first time in the
works of E. G. D’yako-
nov [95, 90] and A. A. Samarskii [91]. ¢ Dyako
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The following equivalent scheime corresponds to representation (4.4.18)

+1/2 __
._u_"_._r_ﬂ. _ Ql(a M"+1/2 + ﬂun)’

" — qyn+1/ (44'19)
ﬂ.r_u_‘_ = Qy(x w1 + Bun+t1n),

un+1l2 — yn

= 0691 yn+1/2 + ﬁ92 un,

T

4.4.20
ﬂl_—;u_w_lf=‘gglun+l/2 +06!22'M"+1. ( )
4.5 Iterative schemes for elliptic equations
For the elliptic equation
9% u
Lu+f—2 % 1= (4.5.1)

i,j=1
the parallel between. the iterative schemes and integration schemes of
the corresponding parabolic equation

du < a%u ,

57 = ,-,JZ_‘la”—__ax.-ax, +/ (4.5.2)
is always valid. However, a number of schemes possessing the properties
of complete consistency and strong stability for Laplace’s equation
lose these properties in the case of Eq. (4.5.1). A brief analysis of iterative

schemes for Eq. (4.5.1) for f = 0 is given below.

(i) The a.d. scheme is unacceptable because it loses the property of
strong stability for m > 2 (see Sec. 2.4).

(1) The splitting scheme for m = 2 (see Sec. 2.4)

n4+1/2 __ n

- T == Ay ur¥V2 4+ Ayy u;

nt+l ___ gm+1/2
“—_rl— = gy un*12 4 Ayg un+1
is equivalent to the scheme in whole steps

nt+l __ g
1_1_“_ = (Ay1 + Aoo) W+t 4+ 2415 " — T(Ayy App un*t — ARy un)
and is strongly stable, but it loses the property of complete consistency.

The same holds true for the splitting scheme (2.4.12) at m = 3.
(iii) The scheme of stabilizing corrections

uu+1/m — yr
T = Ay wr+im 4+ (Q — Ayy) w;

“n+2/m _ un+l/m

= = A22(Mn+2/m — M");

(4.5.3)

un+1 — un+(m—l)lm

=Amm(u"+1 —u"), Q= ZA”r

T siml
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is equivalent to the scheme in whole steps

un+1. —yn
T

=A“"+l+('Q—A)“"—Ti%/lii/ljj(u”“—u") +
+ 7 3 A A Ae(wn¥t —wm) + - -

e (4.5.4)

+ (— 1)'""1 All L. Amm‘l’m'l(%”"'l _ un),

m
A= Ay, d,5.k=1,...,m.
ic1

From this follows complete consistency at any m. For ¢ we have
the expression

1—231, L1, Lilylew 4+ + byy e v - bum
‘5 J+‘§j T n+‘<.j2<kujj ke T + 6

e= T+ )+ k) (L + L)
1—2 XL+ Xlily+ -+l b
= 1< i<J , (455)
14+ X+ X+ Lyl
i=1 I3
where
sin? — %
li=4tay; ——5——;
Yo (4.5.6)

ik os Bt in Fitigin Bty _ T2y

> > 5 > il sink; A;sink;4;.

Ta;

L i= 4 m Cos
For m = 2 the scheme possesses strong stability if the following elliptic
conditions are satisfied

a5, >0, aze > 0, auagz-—a{g>0.

With stricter limitations the scheme also will be strongly stable for
m >3 [see Eq. (2.4.13)).

(iv) The scheme of approximation corrections (a.c.)

1
n+g— n+g—
=Anyu 2, — A 2m,

untl — yn n+ g
=Qu m

T

After eliminating fractional steps we get

urtl . yn

(E —OCTAll) (E ‘0&‘[/122) e (E — (XT‘Amm)
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It follows from this that the a.c. scheme has the property of complete
consistency. From Eq. (4.5.8) the expression for g is obtained,

1 —”Z_:llu + “‘A_‘:llu + 062‘2 Lol + - Fomlyy o
o= vt < S ws9)
14+aXly+o2 Xl + - +omly.. dum
=1 <

In the case m = 2 the a.c. scheme is strongly stable for 1/2 <o <1.

(v) The scheme of majorant operator (m.o.) [48, 49] for m = 2 is
nt+l __ am
(A1r + A22)1+1—u = Qu. (4.5.10)

The equation
(All + Agz) Y+l = [(A11 + Agz) + T.Q:l u" (4510')

is solved by means of additional (internal) iterations when the right-
hand side is given.

Thus, the elliptic difference operator £ of general form in the m.o.
scheme is replaced by a difference analogous to the Laplace operator.

(vi) The scheme of stabilizing operator for m = 2 is

urtl — yn»

(E - oc‘z'/lu) (E - “TAzg) = .Qu". (4511)

T
The scheme (4.5.11) is equivalent to the a.c. scheme and can be executed
in the form of the approximate factorization scheme

(E—avdy) w2 =[(E —atvdy) (E —atdss) + 1] ur

4.5.12
(E —_ 0(‘!'/122) yntl = yn+1/2 ( 5. )

Notice that schemes of majorant and stabilizing operators are derived
from the scheme of universal algorithm
n+l . agn
X M Qun
In the first case the operator £ is replaced by the operator B of much
simpler structure, and in the second case the operator B is factorized

and it satisfies the condition of strong stability at the same time.
For a general scheme using the stabilizing operator see Sec. 9.6.

(vii) A scheme with diagonal sweeps. We note here that in the scheme

of I. D. Sofronov [65] the predictor-corrector and also diagonal iterations
are applicable on the basis of the. splitting method.

For simplicity consider the integration region as being a square
(hy = By = h; Ny = N, = N), m = 2. Assume that :

L=1L,; + Ly + My, + My, (4.5.13)
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where
az
L, = (an, - ldlzl)w; 1
Ly = (ay5 — lal2l axz ;
My, = I“lzl 1+ U) 52: t {4.5.14)

Myy= |a12|(1 - 0) %;

o= signa;s; & = V— (1 + %2); &= 715— (1 — %)

Let Ay, As, £, 2, be central three-point approximations of operators
Lyys Les, My, M,, which act along the coordinate and diagonal lines,
respectively. The difference splitting scheme, which corresponds to
Eq. (4.5.13), is

un+1/8 — unr un+2/8 — un+1/8

72 = A, ur+1/s; 7 = Ayun+2/8;
un+3/8 — ynt2/s yn+liz _ un+8/s (4'5'1 5)
Tz = _Ql un+3/s; Tz = .Qg%"+l/2.
When
a1 = la12|; azp > |‘112| (4.5.16)

operators ;, A, have non-positive eigenvalues and scheme (4.5.15) is
strongly stable and possesses accuracy of the first order.
Using the corrector
M"+1 — yn

= Q yn+12 — (A + Az + £, + Q) un+1i2 (4_5.17)

T

we find #**! with an accuracy of O(r? + A?).

I. D. Sofronov in his earlier work [66] considered the splitting scheme
with corrector.

4.6 Schemes with variable steps

Up to now we have considered only the iterative schemes with con-
stant step. The norm of the step operator for explicit schemes was of
type (1 — C 4% and for implicit schemes (1 — C &), provided the
criteria of strong stability were fulfilled and 7 was chosen properly.
In both cases the convergence can be speeded up by a selection of the
variable iterative parameter 7,,.

L. D. Richardson [52] has obtained a significant improvement in
convergence of the explicit scheme (4.3.2) by introducing the variable
step. The work of L. D. Richardson as well as other works [53] made it
possible to reduce the search for optimal steps to the construction of a
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polynomial with the lowest deviation from zero in the case of the
explicit iterative scheme. Let there be m iterations with variable steps
T4, Te, - . -» Tmp- Then the amplitude of the harmonics sink, %, sink, %,
is multiplied by :
P, o O ) = 0102---0m=(1—o0ap)...(1 —anpy). (461)
Here

2sin? LAY 2sin? Fahy

6 =287 p=—pg—+ — g 2 = uky, k). (4.6.2)

Parameters «,, ., ., %, are selected in such a way that the quantity

P(‘x)-'-’am)=max Pm[“:”(kltk)]: ‘uoSluslul,

1 max | | (4.6.3)
#0=M(1,1), ‘u1=,u(N1,N2),

attains a minimum value.
This problem is replaced by another in which the discrete parameter
u (1, k2) is considered as being a continuous parameter u which changes
within [u(1,1), #(N1, Np)]. It is evident that the selection of the
optimal step of iteration is reduced to a selection of the polynomial
P(x, p) from the family (4.6.1) with the lowest deviation from zero.
The following function is the solution of this problem in the interval
Lo, ] (see [34)), |
Tm(.“l + o —2">
_ H1 — Mo
Pnx) = Tm(,“l +.“o) ’
H1 — Mo
where T, (x) = cos(m arccosx) are Chebyshev polynomials. It is
obvious that for such a selection of steps the convergence is accelerated
up to the order of (see [53, 27))

1~ 0. (4.6.5)

(4.6.4)

" In the case of implicit schemes the expression for ¢ is more complex.
Thus for the a.d. scheme we have

0=01.-0m= R(x, p,7)

_1—o¢1,u_1—oc1v_1—oc2,u.1—oc2v 1 —cmpp 1 —0n?¥
T A Ffogp 1F+oar 1 togp 1tagr 1o 1o,y
= R(x, u) R(x, ), (4.6.6)

R 4 . Rk

ocs=%a""r_,; ,u=,u(k1)=hi12sm2‘Th‘; v=v(k2)=—}Esm2 2.
(4.6.7)

_mi—oc,,u‘ ='"1——a,v
R(a,,u)—sl_]l———i_*_a'”, R(x, %) ,I.Il_—1+0¢.t"
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The optimal selection of steps «, corresponds to the solution of the
variational problem

m?%}?}ﬁlR(“’”’ v, kh=1,..,N;, ki=1,...,N,, (4.6.8)
which is reduced to the following problem after a transition from discrete
parameters u(k;) and »(k;) to continuous parameters y and »:

min max R, w)|;  &(1) <u < u®y), (4.6.9a)
min max |R(x, %) »(1) <» < »(Ny). (4.6.9b)

The problem (4.6.9) is not yet completely solved but there are useful
studies on this subject [55]. Following [10] as well as [27] let us indicate
the method of selection of parameters «,,...,«, which secures a
decrease of the deviation norm by 1/g times (¢ < 1) after m steps and
let us evaluate m as a function of 4. Assume for simplicity

hM=h=h; 1<k<N; s=1,2;, (N+NO)h=n.
Giving m, k,q < 1, divide the interval (1, N) into sub-intervals
(RisRiv1), Br =1,...,ky = N in such a way that the following con-
ditions are fulfilled

q=1_°‘1ﬂ1 =_1_°‘1ﬂz — 1 —oxppg ..
14+ o 1+ g uy 1+ op g

_.1 —‘,’xm—llum_ 1 _(Xm‘um
1+ Gt i 1+ O P Hs = :u(ks)- (4.6.10)

This is possible because the value

1 — & plk)
1+ o p(k)
for « > 0, k > 0 does not exceed 1 in modulus and is a monotonically
decreasing function of % for fixed » and a similar function of « for

fixed k.

The quantity ¢(x,, k) never exceeds ¢ in modulus for £ in the interval
ks <k <k, and it does not exceed 1 outside of the interval in
mod1.11us. Thus, each harmonic decays in amplitude by not less than
1/g times after m steps. Let us calculate the value of m. By assuming
thgt % is sufficiently small ,

s =~ B2 (4.6.12)
From Eq. (4.6.10) it follows that
(1 —¢) — ot + ) p=0;
(1 +¢) ~ ot =g pss1=0.
By eliminating «, from Eq. (4.6.13) we have

soer o (ig_r_g)” (4.6.14)

glo, k) = (4.6.11)

(4.6.13)
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Using Eq. (4.6.12)
kl+l ~ 1 + q
k2 T 1—gq’
Multiplication of Eq. (4.6.15) results in

s=1,2,...,m. (4.6.15)

i lnl ln_1..
14q\m InN % %
Nz(—————) ,  m ~ ~ . (4.6.16)
1—g mitd L 1td 2g
1—49 1—49

Eq. (4.6.16) has the character of an asymptotic evaluation with un-
determined constant.

Let us show (see [10]) that in the case of the a.d. scheme with an
appropriate selection of steps 7,, 73, . . ., 7,, the iterative solution of #»
is identical to an accurate solution of the Dirichlet difference problem
by means of m = N iterations (square) and m = N; + N, iterations

(rectangular). If we select 7,,7:,...,%Tm, m = N; + N, from the
condition
oc1=L, (x2=—1-, e och=L, (4.6.174a)
141 ] By
1 1 1
KN, +1 __’I;;’ 0£N1+2=v—2, cees N3N, =7;;, (4617b)
where ’
4sin? 12 1 4sin2 22
My = ——hlz—; Vig = T
then
R, u,?) =0102...0m=0 (4.6.18)

for any %, and Z,.

In the case of a square when % = A, =%, Ny =N, =N it is
sufficient to satisfy conditions (4.6.17a), i.e., only N iterations are
needed.

4.7 Iterative schemes based on integration schemes for hyperbolic
equations .
Let us set a correspondence between the equation of damped
oscillations and Laplace’s equation Ag = 0

LI
b=+ g = 4¥, b>o0. (4.7.1)
Consider now a system replacing Eq. (4.7.1), by assuming that

oD N ao ad L 2.
axl = Uy, = Uz, 3t = q =a°v. (472)
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" From Eq. (4.7.2) we have

Uy ag . Uy 8q _ . 089 _ 2( Uy CEN _
9t Yo =0 T T =% = T\ 95, o, ) T b
(4.7.3)
In the case of v we obtain
_agl__gav__ auz_zﬂ__._a_v__aul aua_
TR P T el Pl F Tl Pl alll A
(4.7.4)
The following system is integrated at the first fractional step
R L S N1 U N R 1
79t T =% 75 =0 T T, (479

with the use of a majorant implicit scheme of running calculation, which
in terms of variables #,, #, and v is

Ky fr+e = My (4.7.6)
where
2¢1 Tl 0 0 @1 + 971 0 a(¢1 - Tl)
K, = 0 E 0 : M, = 0 E 0 :
0 0 20, % —(B=¥) 0 B+
¢1=E+%1A_.1; Tl-':E—a}L—TAl, f=(141,142;7)).
1 1
(4.7.7)
At the second fractional step the system
Ao o L% 00 o 1 ey ou
2 o1 = O 2 9t ax, 0; 2 at ax, (4.7.8)
is integrated with the use of an analogous scheme
K2 /n+l = M2 fn+1/2, (479)
where ‘
E 0 0 E 0 0
K2= 0 2¢2T2 0 ;M2= 0 ¢2+T2 a(¢2—‘I’2) ;
0 0 25,7 0L (B ) B+, || (4710

¢2=E+7‘—:A-2} 5U2=E—;—:A2; f = (w1, s, ).

It is easy to establish that formulas (4.7.6) and (4.7.9) are equivalent
to formulas (3.4.2) and (3.4.3).
After this the corrector is applied

PR —f _om
_—E‘—t__ Qf s (47.'11)
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where
Ay, + A_
—g?fir T 71
0 0 a 27,
Q= 0 0 —afitds (4.7.12)
2
A, +4_, A, + A4, s
27 27y
The scheme of stabilizing operator can also be used:
K K fn+2 _fn Q n
1 By = - (4.7.13)

4.8 Solution of the boundary value problem for Poisson’s equation

It is shown below that the solution of the boundary value problem for
Poisson’s equation even with the use of strongly stable and completely
consistent systems requires a special approximation of the right-hand
side. (This was pointed out by E, G. D’yakonov and A. A. Samarskii,)

For Poisson’s equation in region G: {0 < x; < 7, ¢ =1, 2}

ax: axi’

Au+qg=0; A= i + o (4.8.1)

with boundary conditions of the first kind .
u(s) =f(s);  (%(s), %e(s)) ey (4.8.2)
the weighted splitting scheme can be applied

yntl/iz _ gyn

. = Al((x unt1/2 + ﬂun) + q1;
un+1 —_ uﬂ+1/2 (48'3)
—_— = Az(tx ynt1 + ﬂ%"+1/2) + q2,

T

where ¢;, ¢» are some right-hand terms which are still undetermined.
The scheme in whole steps is

(E—otd) (E—ardyut=(E+ ftd,) (E+ frd)u+7Q, (4.8.4)
where
Q=Bigi+ Aige=(E+fr M) s + (E — a7 M) o
In the case of Laplace’s equation it is necessary that
Q=y. (4.8.5)

Assuming that ¢, = 0 we have

(E—-atdy)q =7, (4.8.6)
Since |E — a v 4|~ <1, Eq. (4.8.6) is soluble by ordinary sweep.
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4.9 Iterative schemes with averaging

Only convergence of iterations for whole steps has been considered
so far. Let us show now that in some cases it is of advantage to consider
quantities in whole and fractional steps simultaneously. To the boundary
value problem of elliptic type

Lu+qg=0; u(s)=/[f@s (4.9.1)

a corresponding iterative scheme is indicated
un+1/2 — yn

= = MAy{x w1 + Bu") + ¢, «+ =1, (49.23)
untt _ gmtll2

= Ay (o wt! + B unt1?) 4 g,, (4.9.2b)

T
A=A+ Ay~ L. (4.9.3)

Operators 4,;, A, do not contain the parameter 7, and consistency of
Eq. (4.9.3) is complete. Now extend Eqs. (4.9.2)
M”+3/2 —_ un+1
———T—— — Al ((x ynt3/2 + ‘3 u""’l) + g1 (4.9.4)
By adding Eq. (4.9.2a) to Eq. (4.9.2b) and Eq. (4.9.2b) to Eq. {4.9.4) we
obtain

un+1 — ynr
———-T—=/11(oc'l)"+ﬂu") +A2((X'M¢n+l +ﬂ'()n) +Q, (4953.)
e — 2= Ay(x v 4 Burtt) + Ay(xwrtt + o) +Q, (4.9.5D)
where
o = un+1/2; gl — un+3/2; Q =q + ¢.. (4_9_6)

Finally, adding Egs. (4.9.5a) and (4.9.5b)
(un+1 + ‘U"'H) —_ ('M” + 7}") — Al [“(

T

v+ vn+l) + ﬂ(un + un+1):| +

+ 245 (x w1 + B ") 4+ 2Q. (4.9.7)
On the assumption that scheme (4.9.2) is strongly stable
ur—>u, -, (4.9.8)

and from Egs. (4.9.7) and (4.9.8) we have
Ay{xv + pu) + Adafxu + fv) + Q@ =0.
For x = 1)2
A (f%l) +Q=0. (4.9.9)
If we assume that
Q=g +q=4q (4.9.10)
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then Eq. (4.9.9) means that the average value (#* + u"*1/2)/2 is reduced

to an exact solution of the difference boundary value problem

Aut+g=0; ufs)=[(s). (4.9.11)

This method of obtaining a limiting solution is to be preferred in the
case of arbitrary boundary and variable coefficients. In fact, we proved
the convergence of the half sum of fractional steps without excluding
any fractional steps and without requiring the difference operators to
be commutative, a property which is not satisfied in the case of variable
coefficients and an arbitrary boundary. G. Birkhoff and R.S. Varga
mentioned in their work that the commutative property is an important
element in the proof of convergence [56]. Their argument is invalid
when the above method of passage to the limit is used. It is evident
that this algorithm is applicable for arbitrary operators A;, A;. In
the case of Laplace’s equation it is indicated in [57].

4.10 Reduction of schemes of incomplete approximation to schemes
of complete approximation

The analysis of boundary conditions from Sec. 2.9 is fully applicable
to iterative schemes. A worsening of the approximation near the bound-
ary leads to a situation that, even if the scheme in whole steps has the
property of complete consistency, the scheme in fractional steps may
not have the same properties.

Consider, for example, a scheme in whole steps

(B =2 4)(E = Zas)wrst = (B + Z4)(E + 3 4a) v,
(*%1,%)€G: (0<%, <m}, 1=1,2; (4.10.1)
wh (%, %g) = WL(wy, %) = [ (%1, %2), (%1, %) €P.
The splitting scheme
un+1/2 — yr _ ‘un + un+1/2 .
T - Al 2 ’
yntl _ yntl/2 _ ynti/2 + yntl
T - A2 2 »
for which the following boundary conditions apply
W (%1, %) = W2 (x), x5) = Wt (%), %) = [ (%1,%2),  (%1,%) €y, (4.103)

does not have the property of complete consistency because the scheme
equivalent to it, considering boundary conditions (4.10.3), is

(B-24)(E - £ ) wr = (E+Za)(E+ £ 4a) " +R, (4.10.4)
where R + 0 on w (see Sec.2.9).

(4.10.2)
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Using the method of undetermined functions and assuming that
yntliz _ gn ur + yntli2
po =4, 2 + g1

unrtl _ yntl/2 ynti/z + wntl
p =4, 3 + ¢,

(4.10.5)

it is possible to select gy, ¢» in such a way as to make R = 0 and to satisfy
boundary conditions (4.10.3). After this the scheme (4.10.5) becomes
the scheme of complete approximation. An analogous approach is
used in the case when the scheme does not possess complete consistency
because of the structure of difference operator and not merely because
of the boundary conditions. Let us demonstrate this in the splitting
scheme. It is known that the splitting scheme in the three-dimensional
case does not possess the property of complete consistency. Consider
a splitting scheme

yntli3 __ gn

= —_ Al(o‘ ynt1/3 + ﬁun) + q;

un+2/8 —_ un-}-l/a

= A2 ((x w23 4 ﬂ un+1/3) + ¢ (4106)

T
untl _ gnt2/8

- = AS (0‘ untl 4 ﬂ M"+2/3) + s

with undetermined right-hand sides ¢, ¢, and ¢;. A corresponding scheme
in whole steps is
(E —ax1 ) (E — avdy) (E — o Ag) wt?
=E+frA)(E+PrA)(E+Prd)ur +7Q, (410.7)
where :
Q=E+ptd) (E+Pr )1+ (E—a71h) (E+Pvds) s +
+(E—-axtd)(E—oatvds)gs.

Scheme (4.10.7) can be transformed into

(B~ ot ) (E—avdy) (E-avd) X" = Aur+ R, (4108)

R = [T(ﬂ2 - (x2) (/11 /12 + A-l A3 + Az A3) +
+ (B o)A Ay AJwr + Q= Dur + Q. (4.10.9)
We can require now that scheme (4.10.6) be the scheme of complete
consistency. For this to be true it is necessary and sufficient that R = 0.
If we assume that ¢; = ¢, = 0 inside region G, then for ¢; we have
the following equation
(E—~a1M)(E—atdy)gs = —Dun (4.10.10)
By assigning ¢, ¢, and g3 on the boundary to correspond with the
boundary conditions, ¢z is determined from Eq. (4.10.10). When ¢, ¢,

and gs are selected as above the scheme (4.10.6) becomes a scheme of
complete consistency. :

where



Chapter 5

Boundary Value Problems in the Theory of Elasticity

5.1 The equation of elastic equilibrium and elastic vibrations

The deformation of a plane elastic flat body is characterized by a
tensor (deformation tensor):

/

_1_ U, 6u‘, c g
€ij (axj + ax‘) 1,7 =1,2. (511)

Stresses in a body caused by the deformation are characterized by the
tensor o;; (stress tensor). According to Hooke’s law, the tensors o;;
and ¢;; are related by the linear relation

0;j = Adije + 2uej, £ = g1 + &9 = divu, . (5.1.2)

where §;; = {? : f ;’ A, p are Lamé coefficients.
The conditions of elastic equilibrium are
% aat;lz +eX:=0; (5.13)
aa‘;”: + =22 a"“ +0X,=0, h

where X; and X, are the components of body forces.
According to the D’Alembert principle the equations of elastic
vibrations are

92 a
-0 a::l'*' 0‘11+30'13 +QX1=

(5.1.4)

—0 aazg + 60‘21 + 6022 +0X;=0,

where g is the density of the materxal
Using Egs. (5.1.1) and (5.1.2), Eq.(5.1.4) can be represented as

follows
2u
—e5u + (A + p)graddive + pdu + o X =0.  (5.1.5)

Eqgs. (5.1.3) can be written in a corresponding form.
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Eq. (5.1.5) can be changed somewhat

0%u %u
93121 (}‘+2/")3x21+”ax“+(}”+'u)ax ax+9X1

024, 82w 92 (5-1.6)
— oG+ (20 TR TR Ak ) e b 0 Xo =

Eqgs. (5.1.3) can be changed analogously.
In the absence of body forces (X; = X, = 0), assuming that

Ry 92 32
v 4 (5.1.7)

g1 = —% O = —_— (4] = —
axg ’ 22 ax% ’ 12 axl axz »

expression (5.1.3) becomes an identity. The function ¢ is not arbitrary.
Eq. (5.1.7) represent an overdetermined system of equations for ;.
The compatibility condition of this system has the form

Ady =o0. (5.1.8)
In fact, if we introduce the quantity
1 [du, _ b
©=3 (6x1 axz)’ (5.1.9)
we have
ou . U
a—x:'=811, a—x:=612 -, (5110)
Uy _ o
7%, = &2 + W, ax: = &Eo9. (5.1.11)

dw 0, 0¢&1q

Tl ks e v (5.1.12)
and

dow _ 0¢&, 0&15

axz - axl axz ) (5.1.13)

rt.aspectively. Finally, the compatibility conditions (5.1.12) and (5.1.13)
give

[ (6812 _ aeu)_ 9 (062, LT
0%y \ 8%, LE 9% \ d9x; ES

- — 9ey, 82699 _ 02,4 _
[ a2 + Py 2 a7, axz] = 0. (5.1.14)

Using Eqs. (5.1.2) and (5.4.7), condition (5.1.14) leads to Eq. (5.1.8).

. Ha‘rmonic analysis of the stability of Eq. (5.1.5) shows that elastic
vibrations do not decay. Consequently, the solution of Eq. (5.1.3)
cannot be obtained from the solution of Eq. (5.1.4) by transition to the

steady regime. The decay of elastic vibrations is descrlbed by the follow-
ing equation

2
—,+ﬂ@3—t?—=(2+,u)graddivu+,uAu+gX, (5.1.15)
a>0, pg>0. o
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Eq. (5.1.15) enables us to obtain iterative schemes for the solution of
the steady equation. In order to obtain the simplest iterative schemes
the equation of a purely parabolic type can be used:

oc%—t;= (A + p) graddive + pdu + o X. (5.1.16)
An analogous approach can be used for Eq. (5.1.8). We use the cor-

responding equation

“%ti'*'ﬂf;f+44¢=0, x>0, f>0, (51.17)

or simply the equation

0‘%—+Ad’lp=0. (5.1.18)

5.2 Boundary vaiue problems in the theory of elasticity

The following problems may be posed for Eq. (5.1.5).

(i) First boundary value problem. The displacements u,;, #; are
given as functions of s (the arc parameter along y) and of ¢ on the
boundary y of a plane region G: .

u(s) = f(s, ). (5.2.1)

(ii) Second boundary value problem. Normal and tangential stresses
are given on the boundary y:

0x(s) = f1(s,9);  ox(s) = fals, 0). (5.2.2)

In the case of the steady problem the functions f;(s) and fa(s) must
satisfy an additional condition, namely, that of equilibrium of the
body regarded as a solid.

(iii) Boundary value problem of mixed type. Displacements are
given on one section of the boundary and stresses on the other.

(iv) In the case of the biharmonic equation (5.1.8) or the correspond-
ing inhomogeneous equation

Ady +¢=0 (5.2.3)
the boundary value problem of the following type is considered:
p=0, dy={). (5-24)

We arrive at Egs. (5.2.3) and (5.2.4) in the case, for example, of a freely
supported plate. In this case yp is considered as the displacement of the
median plane of the plate; ¢ is the load; f(s) = 0 (see [58]).
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5.3 The integration scheme for the unsteady equations of
elasticity
The explicit scheme of second order accuracy
ntl % n-1
_ ui 2’1:1 + u} + (A + 2‘u) A‘Az_‘ w4+ As—sf—sﬂ w4
T % h3—;
+ A+ p) D +4,) Dy +4,) Wl + XP =0, (5.3.1)
40y Iy
i=1,2
is used for Egs. (5.1.5) and (5.1.6) with ¢ = 1. A. N. Konovalov [59]
suggested an implicit scheme of second order accuracy for Egs. (5.1.5)

‘and (5.1.6), which is based on an approximate factorization of an

operator. Consider the scheme
uPtl — 2u} 4 up?
- =

. n+1 n—1
+ (A + 2p) A}f;“ = JZF”‘ +

yal _.A_ n+1 n—1
+p shozA 3+i Wi 1—141 +

A+ 4) (B + 4y)
iy Ty = ug; + X7 (5.3.2)

uPtl — 2uP 4yt At+2
== + 24 E A

2 2
fad n—
+ 5 Aaiai (WP + uF ) + (A + p) Ay ui o+ X2 =0,
i=1,2,

+ A+

('t + ™) +

where

4.4_ (4 + A_y) (4, + A4_y)
Aii = Lt R — 1 1 2 2
W Ay Ak, .
Scheme (5.3.2) is of second order accuracy, absolutely stable, but is

difficult to use. Factorization of the upper operator of Eq. (5.3.2)
results in

2 2
B =50+ 20 4] [B = T dyion] a7t + w7
=20 + (A + p) 2 A+ X222, i=1,2. (53.3)

Sche?me (5.3.3) is of second order accuracy, is absolutely stable, and is
carried out with three-point sweeps.

. A. N. Konovalov proved the convergence of scheme (5.3.3) for the
first boundary value problem by the method of energy inequalities..

5.4 Iterative schemes of solution of boundary value problems for
the biharmonic equation

As. above we consider iterative schemes for the solution of the
equation

Ady =0 (5.4.1)
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as integration schemes of the equation

3% 444y =2+ (Liy+ Lz + Loy + L) p = 0;

e (5.4.2)

U axtexd’

L ij=1,2.

(i) Splitting schemes. Let us construct this scheme like that for the
equation of heat conduction of general type (see Sec. 2.4)

n+1/2 _ aan
) - hd + All wn+1/2 + A12 1/)" = 0,
'/)”'H' . 'pn+ll2 (54'3)
+ A21 ¢n+1/2 + A221/)n+1 = 0,
where
A,4_,\2 Ay A 5 \2 A, 4_,4,A4_

A= ()5 A= (B2 An=dn = 20T
(5.4.4)

The corresponding scheme in whole steps is
(E + TAII) (E + 'L'Agg) 1/)"+1 = (E - TA12)2 ’lpn. (5.4.5)

From this it follows that the scheme is strongly stable, since

- . . Rk
4 V7 sin? 222 ~
__ U —aay) | 2
e=THada A 4T w0549
Taking into account the identity
Ayy App = Agz, (5~4-7)

we see that the splitting scheme (5.4.3) for the biharmonic equation,
as opposed to the equation of heat conduction, possesses the property
of complete consistency.

(ii) The scheme of stabilizing correction. S. D. Conte and R. J. Dames
[60] generalized the scheme of stabilizing correction of Douglas and
Rachford for the biharmonic equation

"P"+1/2

-;_ y* " Allwn+1/2 + 2/1121/)" + A22"Pn =0;
'/)”+1 — 'pn+1/2 (5'4'8)

+ Aaa (yp! — y7) = 0.

T
The corresponding scheme in whole steps is
nd+l __ gym i
=¥ b (A + o) 9+ 2412 9" + T May aa (9 — 97) = O,
T 4
(5.4.8")
Because of Eq. (5.4.7) scheme (5.4.8) is equivalent to scheme (5.4.5).

5.4 Boundary value problems for the biharmonic equation 87

(ili) The scheme of approximation corrections

prle g + Ay prtis = 0; M + gy 12 = 0;
X T xT
o (5.4.9)
T+A'l/’"+1/2= ;0 A=Ay + 2450 + Ays.
The scheme in whole steps is
ndbl _ aan
(E+atdin) (E+atde) —F + Ay" =0 (5.4.10)
and is equivalent to scheme (5.4.5) for & = 1.
({iv) The scheme of stabilizing operator
'P"+1 —_ wn o . _ .
A—T—' +Aypr=0; A=Ay + Apz + 24y5; (5.4.11)

A4 = (E +061A1l) (E +0‘1A22)

is also equivalent to scheme (5.4.5) for o« = 1.

Thus, schemes of splitting, corrections and stabilizing operator for
« = 1 rtepresent different realizations of the same uniform scheme.
In addition, they differ in the satisfying of boundary conditions. Note
that schemes of splitting and stabilizing operator are two-layered, and
schemes of corrections are three-layered.

(v} The splitting scheme for the system of harmonic egquations. For
some boundary value problems of elasticity (for example, for the trans-
verse bending of a freely loaded supported plate) it is more convenient
to use a system of two harmonic equations instead of the biharmonic
equation.

For the boundary value problem

dy =¢; Adgp+¢=0; (5.4.12)
@(s) = f(s);  w(s) =g(s) (5.4.13)
consider the splitting scheme
(pn+1/2

p— "
T = M g+ B )
(pn+1 — ¢n+1/2

- = Az((x (pn+1 + ﬂ (pn+1/2) + q;
ntll2 _ o [ (5'4'14)
w_‘r__'p = A1 (0‘ wln+1/2 + ﬂ ,lpn),
'/J”+1 — wn+1/2

— A2 (0‘ wn+1 + ﬁ wn+l/2)- + (pn+1_

T

Scheme (5.4.14) is strongly stable and is completely consistent for
& =1/2.

For passage to the limit the half-sum of the values of the function
at whole and fractional steps should be taken (see Sec. 4.9).
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5.5 Iterative schemes for the system of equations
of elastic displacements

For the equations of elastic equilibrium in displacements

a2 22 22
(A + 2p) a;‘; +u a“; + A+ p) ax,?xz = 0;
a 82u, 82 y a u2 (5.5.1)

A. N. Konovalov [61] suggested the scheme of stablhzmg correction

wyt? — g 12 ]
- = Ayy a2+ Ayp 4} + Quf,
un+l[2 — oyt
2 p 2 = Qurll -+ A21 u;”l’z + A22 ug,
%i'+1 — un+l/ﬂ 1 n (55'2)
MU=t — ),
,u;+1 _ u;+1[ﬂ
M7= W A — ),
where
AJA . ddy. 4 _ o AA,
21 =

A=A +2u) 257 Adpa=u 7 ; 7 ;

Azz_(l+2M)AA_ L 0=(+ )A1+A_1 A2—2+-hA_
2] 2 -
A.N. Konovalov proved the convergence of this scheme for the first
boundary value problem in a rectangle. A. A. Samarskii also suggested
several schemes with fractional steps for the equations of elasticity [96].

5.6 Boundary conditions in problems of elasticity
The solution of boundary value problems of the second type requires

construction of recurrent schemes to take account of boundary con-

ditions. The boundary value, problem presented below demonstrates
this (Fig. 5).

X
s on=hy on=Fy c
an=h =0
ot =0
D )
A n=0 =0 X

Fig. 5. Solution of a mixed boundary value problem for the equation of
elasticity in a rectangle
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The boundary conditions at the left vertical boundary are

H 31:,! + u a& = f2;
ou (5.6.1)
A 2+()»+2M)—~—f1

System (5.6.1) is of hyperbohc type in which, in the case of vertical
boundaries, x, is the time variable, and x, is the space variable. Quantities
u; and #; at the boundary are denoted by #} and «3; UF and U} are
values at the internal network points close to the boundary. The simplest
explicit approximation of Eq. (5.6.1) results in
u;+1 — u;.‘ 2 . .
il v
4] n n n
A" g+ 2,4)“1__U_1=f1',

To test the stability of Eq. (5.6.2) for fixed U, U3, f1 and f3 an equation
is derived in variations of the unknowns {the variation sign is omitted
here)

7+ 1

oo, 2T GaoapiBoo (s69)

(5.6.2)

hZ hl h2
It follows from this that P
1 2
A
w+l = Cur; = ; = . 6.3’
wiow=pwh C=ly o, 0| 669
) 7y

We now evaluate the norm of the transition matrix C from Eq. (5.6.3').
For its characteristic roots we have

o2 =1 ]/iif—"z—: (5.6.4)

It is evident that the spectral radius and the norm of the matrix C
are larger than 1 and the recurrent calculation (5.6.2) is unstable.
Let us apply the implicit approximation

uit! — u wptl — Ut .
) - i T ‘
2 uptl — : ! — Up+? " (565)
————h2 (A +2u) __hq = 1.
The equations in variations are
witt —a} oWyttt uptt — ug u}
From these we have
W= gt — Ja e,
1
5.6.7)
n__l+2:“ hz n+l n+1 (
w2 = TRt
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For the calculation to be stable it is necessary that the matrix (inverse
of the transformation matrix)

hy
1 ~ %
1 6.8
— ﬁ_ﬂ. . h 1 (S )
7 By

has characteristic roots >1. For the roots g of the matrix we have

A h
01,2 =1 il/ t2n, = (5.6.9)
The stability condition is therefore
A+2p hy
V—-j_— e >2. (5.6.10)

If an analogous scheme is written for the upper horizontal edge, %,
and A, change their roles and we have

At2u h '
[T S (5.6.11)

As a result the calculation will be unstable on one of the sides. In
order to achieve a stable recurrent calculation on the horizontal side,
when the stability conditions are satisfied on the vertical side, it is
necessary either to enlarge the network along x;, or to make it smaller
along x,.

Still another calculation scheme of the boundary can be indicated,
which is based on running calculation.

Boundary conditions of the second type are presented in this case
at a local reference point, where one vector is directed along tangent
to the boundary clockwise, and the other along the external normal
(Fig. 6).

Fig. 6. Boundary conditions of the second type at the local reference point

5.6 Boundary conditions in problems of elasticity N

Then the displacement vector u is
u = ur el + un e2- (5.6.12)

Contrary to the case of a rectangle, the direction e, is considered to
be in time; e, is the space direction; local Cartesian coordinates are
represented by ¢ and x, respectively.

Then the boundary conditions are

(2 + 20 S+ 22 = 4y
AU, AU, (5.6.13)
J (—57 + ) = fs.
Let us write Eq (S .6.13) in invariant form
ar . as as
+ cC— =&, a_t —_ 'a—x = g5, (56'14)
where
A .
1’=u,,+c'u,; S = U, — CU, C=l/7—_—}_—27, (5615)
e h b o _h  _ h -
gl - 1 + 2[1 u ’ g }» + 2/.4 u .

Eqgs. (5.6.14) are then solved with the aid of the implicit majorant
scheme

— 7, — S —
hn L= g Si oS TS g2is (5.6.16)

7y — Ry ¥
T te T h

which is stable for any v and 4.
In the case of a rectangular region (Fig. 5) on the side A B we have

U= —U,, Us=U,, t=—2%;, x=2xo;, T=h; h=hy;
1 n 2 T 1 2 1 2 (5.6.'17)
= —U +Cly; S= —Uy—ClUy,
and on the side BC
W=, U=, =X, X=X T=hy; h=h; (5.6.18)

7=%2+Cu1; S=Ug—CUy.

The transition from the invariants (5.6.17) to those of Eq. (5.6.18) is
accomplished along some arc which includes the angle ABC.

In conclusion it should be noted that only a few problems and methods
have been studied in the area of boundary value problems of elasticity.



Chapter 6

Schemes of Higher Accuracy

Up to this point we have considered difference schemes of integration
with accuracy of O(r* + #f), &, < 2. The corresponding iterative
schemes produce accuracy of O(hf). The method of fractional steps
can be applied to obtain simple schemes of higher accuracy (s.h.a.),
g>2. ,

6.1 Uniform schemes of higher accuracy

Following the works of J.Douglas and J. E.Gunn [62], and of
A. A Samarskii [63] we consider now several uniform sh.a. for the
equation of heat conduction

du 7 8%u
57 =.Zlm, (6.1.1)
im £
du - 92u
—a—-— = Z ﬂjw, aij = const. (61.2)
i) j=

For an arbitrary, sufficiently smooth function # (x;,...,%,,?) the follow-
ing approximations are valid (it is assumed that by =hy =+ =h, =h):

2y h®  dtun 4
ax? = Aiu _1—2 axt + O(AY),
BT g (6.1.3)
n — A 4.
Au Aun 15 2 A + O(h%);
n 2 444
021'; =lA(un l+un+un+l)_.h___a . +0(12+h4)
x5 3 12  dx§
. " ot (6.1.4)
S n— _ 5 w* 2 4
Au-—3/1(u 14y + ynHY) 12!16%4+0(r + hY),
where
A=Z‘—a—2,—; A=A w(®, ..., %m) =u(Xy, ..., %, #T).
ie1 9% =1
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From Eq. (6.1.4) follows for the solution of Eq. (6.1.1)

ntl __ gn— 23
i._z_ru_=3./1(un—l+un+un+1)_7h2_ 6“4 + 0@ + .
=1
(6.1.5)
Since in Eq. (6.1.1)
4u
2 =
4 ""i.zl ok + 22 Wax; = du = e, (6.1.6)
i,] = 1,2,...,m,
then we can assume that
m tyn _ urtl — 2un _|_ un—1 9
& oot 72 2,% ax? ax2 + 0(w?)
n+1l __ » 7w —1
= u 2u —I—’u __22/1 A 74"+0(T2 hz), (6.1.7)

2
T i<j
1,7=1,2,...,m,

or

™ gdyn ntl _ gne—1 .
2T AT— - 22 Aidjwr + 0@ + 1), (648)
Comparing Egs. (6.1.5), (6.1.7) and (6.1.8), we obtain the following

s.h.a.

+1 __ 1
un wr— — % (un—l + un + un+l) —_

A
(hz ur+l 2un+u" ~23 A 4 u") (6.1.9)
i<j

or correspondingly

un+1___un-l _ 1 1 “
= At - gy b |
L Y A
+(1+ 87)“" ]+7i§,-/1‘/1’“"’ (6.1.10)
with s

A two-layered s.h.a. based on Eq. (6.1.3) and Eq. (6.1.6) is obtained in
an analogous way':

urtl __ gyn _ un +u”+1 h2 untl . yn v
p" =4 2 - —1-?/1—1_ _6_1%/1 /1 u". (6’1.1'1)

Scheme (6.4.11) can also be written in the form

un+l — yr
—T——-oc/lu"“ + (1 —oc)Au"+—-—ZA A; w,
i<y (6.1.12)
(x=—1—(1 —£)=i-(1 —L).
2 67 2 67
Schemes (6.1.9), (6.1.10), (6.1.11) and (6.1.12) are absolutely stable and
have an accuracy of order O(z2) + O(h%).
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6.2 Factorized schemes of higher accuracy for the equation of heat
conduction

Schemes of higher accuracy have been considered in the works of
J.Douglas and J. E. Gunn [62], A. A. Samarskii [63], A. A. Samarskii and
V. B. Andreev [64] for parabolic equations of type (6.1.1) and (6.1.2).

These authors constructed easily realizable s.h.a. with a factorized
(“split”) upper operator. These schemes are constructed on the basis
of m-layer uniform s.h.a. (m > 2):

wrtl — gyn
—

= Auntt 4 fn, (6.2.4)

where f» is the result of application of difference space operators functions
wr, utl, L

The method of construction of the factorized scheme, which was
suggested by J. Douglas and J. E. Gunn [62], is as follows. Let

A=A+ + A, (6.2.2)

be the expansion of 4 into a sum of operators 4;, ¢ =1,2,...,m.
Then a scheme of stabilizing correction is constructed '

n+llm __ gn
i_r_L = A, (un+im — y) + Aur + fr;

un+2/m i un+1/m
- = A2 (un+2/m —_ un);

T (6.2.3)
gl ,b;n+(m—1)/m - A (un+1 _ un)
The scheme in whole steps is
n+1l __ 4n A+l __ gn
“_LT_“ = At ¢ fr 4 @(1‘——7—“—), (6.2.4)

= -3 A4+ 3 A Aj A+ -+ (—1)" A4y A,
i< i<j<k
(6.2.5)

Let us consider factorized schemes which correspond to Eq. (6.1.1)
(m = 2) and to schemes (6.1.9) and (6.1.10).
In the case of Eq. (6.1.9) we assume

2 1 A% .
A—E—A—-g 2E, )
2 15 L 6.2.6) -
Al—?Al—z—,;El ( )
A2=%‘A2

Schemes (6.2.3) and (6.2.6) have order O(x?* + A4) for 1/h = const and
are absolutely stable.
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In the case of Eq. (6.1.10) we have

=21 -1 =2 1 ;
a=3 (1 87)/1, 4; _?(1 —87)Ai, i=1,2. (62.7)
For 7/h* = const schemes (6.2.3) and (6.2.7) have accuracy of O (z2 + h4)
and are absolutely stable.
A A Sa‘marskii [63] suggested another method for the construction
of a factorized operator. Scheme (6.2.1) is replaced in this case by

untl ur — A un+1 + fn + ¢(un+1 __un)

T T

= A4 urtl 4 /n + %@(u”*l _ un)’ (628)

where the undetermined operator @ is selected in such a way that the
upper operator in Eq. (6.2.8) is factorized. If factorization is carried
out according to expansion (6.2.2), then

E—-74-®P=(E—-14,)...(E—-74,). (6.2.9)
It follows that
P=E-717A—(E—74))...(E—-714,)
= _fz.Z‘AiAj + 13. 2 AiAj Ak + 4+ (—1)'"_11""141 . Am.
t<J i<j<k (6210)
A comparison of Egs. (6.2.5) and (6.2.10) shows that schemes (6.2.3)
and (6.2.8) are equivalent, provided the initial schemes (6.2.1) and
the expansion (6.2.2) are identical.
A. A. Samarskii [63] used the two-layer s.h.a. (6.1.12) as the initial
scheme (6.1.1). In this case the factorized scheme is
(E—oatd)(E—atdy)... (E—-atd,)uw+l=Qu, (6211)
where

Q=E+tlt -0 d+5 3 Ak -0

6 :
iy
D = —042122/1,»/1}'4-0(313 > /li/lj/lk-l-'"' (6.2.12)
i<j i<j<k l
k(= )mamEm A, A,

in a particular case when 7 = 2 the Samarskii scheme takes the simple
orm

(E —at1dy) (E — a1 dy) unt?

=E+ (1 —-a)tA][E+ (1 —a)v Ay] un. (6.2.13)
The sha for Eq. (6.1.2) in which a;; = a5, = 1 is derived analogously.
The initial uniform scheme is

ynt+l — ynr—1 - A11+A22
27 2 (

utl 4+ un—1) 24, Ay ut —

he wurtl — oy + un—1

23
1z + 3 bA, Ay wr, (6.2.14)

2
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where
Ay =2,
iy = TRET RSy >0, (6.2.15)
Ays = ﬁ:ﬁ%_z‘*‘h_z%_, 412 < 0,
b=1+ 24}y — 3 |ass|.

The factorized scheme is

n+l _ g
A1A2LTL=(1 - 2

)u_:_l_+ o Aw® + w-b) +
+dxay A wt + 201 — ) Td A e, {6 46
A4;=E —atdiy; o=—17p.

14+ ==

, 67t

6.3 Solution of Dirichlet’s problem with the use of the schemeé of
higher accuracy

The schemes considered above represent integration schemes of
Eqgs. (6.1.1) and (6.1.2) of higher order of accuracy and they have the
properties of complete consistency and absolute stability. Therefore
they are fully acceptable as iterative schemes of higher accuracy.

The accuracy of integration with respect to ‘‘relaxation time” ¢
for iterative schemes is of secondary importance, while the accuracy of
approximation with respect to the space variables is essential. Therefore
in the case of iterative schemes it is possible to use schemes of lower
accuracy with respect to time, provided they satisfy the condition of
a complete consistency and are sufficiently accurate with respect to
space variables.

Consider, for simplicity, the case when m = 2. For Laplace’s equation

3u R2u
LM=W+a—x§=O, (631)
the uniform s.h.a. is
h2
Qu=<A+~6—A1A2>u=O. (6.3.2)

Following A. A. Samarskii and V. B. Andreev [64] we consider a uniform
absolutely stable scheme of the first order of accuracy with respect to ¢

WO g B4 pen (633)

T
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Scheme (6.3.3) is identical to

yntdl gy

n+1l _ an 2
=Au +1Au—i+h—/11/12u"
T 6

T
= rA'——“HI,f“" + Qun, ' (63.4)
or to ' \
| (E—1) X% 0o . (63.5)
By factorizing the operafor E — vA we obtain a factorized s.h.a.' A
(E —vd4) (E —frAz)M —Quw, _(3.3.6)
.

which possesses a complete approximation and is strongly stable.
V. A. Enal'skii [67] obtained simple iterative s.h.a. based on the

splitting schemes. We reproduce his results below in a general form.
Consider the splitting scheme

yn+1/2 _ gyn
_.T___ = A1(0¢1 ynt+1/2 + ﬂl un)’

(6.3.7)

ur+l _ yn+/2 i'
—_—= Ag (o w1 4 By un+172)

with undetermined parameters «;, 8;, ¢ = 1, 2. The scheme ‘in whole
steps is _ ’ , ) ‘
E—oyt ) (E — et ) w1t = (E + B1v A) (E + Byt Ag) wn. (6.3.8)

Quantities «;, f; are selected in such a manner that the condition of
complete consistency is satisfied. Transform Eq. (6.3.8) into

_q%_i = Ql un+l 4 Qz un;
Ql = X1 A1 + /12 - & 062'(/11 Ag; (639?
£y =B Ay + B Az + 1ot Ay As.

The condition of a complete consistency gives

O+ =k0 = k(A1 + 4+ 24, Az). (6.3.10)

We can assume, since the parameter 7 is undeterminéd, that 2 = 1;
hen condition (6.3.10) gives

&+ P =0+ fa=1;

. (6.3.11)
BrBe — ayxe =%r - 0
From Eq. (6.3.11) we find that
o+ o =1—0. (6.3.12)
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When
1 —0

> (6.3.13)

a1=0c2=a,=

the scheme of Samarskii (6.2.13) is obtained.

V. A.Enal’skii [68] suggested carrying out the expansion in schemes
of fractional steps with operators A;, Az, A; A,. Then the following
scheme is obtained

,u1|+1/2

T——“"{ = A unt22 4 x Ayur + B Ay ur + yT Ay Ag

(6.3.14)
i Azun+1 + 06A2M"+1/2 + ﬂAl un+l/2 + 77/11 A2 M"+1/2

yrtl — yntl/2
3
with undetermined coefficients &, 8, 7. The scheme in‘whole steps is
Awntl = Bur;
A=(E—-1d)(E—1d);
B=(E+atd +r4:+y1t 4 Ay) %
xX(E+BrA+arvd+yr2A,4,).
The coefficients «, 8, y are selected in such a way that the operator
B — A is divisible by the operator 2 = A, + A, + (h*/6) Ay As. This
gives the following conditions for «, 8, y

l (6.3.15)

2yt @ —fF—1 _ * _ _E_
s F+1 7 Ferp-sfe T T T &
(6:3.16)
If
a=0;, Bf=140; y=«f, (6.3.17)

then conditions (6.3.16) are satisfied and the scheme obtained is that
of V. A. Enal’skii [68]. The general algorithm for constructing the split-
ting schemes of higher accuracy is given in [102]. Some a.d. schemes
of higher accuracy were considered in [103, 104].

Chapter 7
Integro-differential, Integral, and Algebraic Equations

7.1 Equations of kinetics

For the kinetic theory equation (constant velocity, isotropic scatter-
ing)
g "' ag a,
5 +k_2; UG ¥ 0P =75 f«p(x, u,t)du + S(x,u,t) (7.1.1)
the following scheme was mentioned in the work of G.I. Marchuk and
the author [69] (incomplete splitting)

¢n+1/2 —_ q,n

=gt + o) + 5, (7.1.2a)
¢n+1 — lpn+1/2
S = Ay(x @t + fprtl/Y), {7.1.2b)

T
where A;, A,, S are approximations of the operators ¢ E + :—;z f du,
m-1 . .

Ig; Uk Gar S, respectively (x >0, f >0, o + 8 =1).

Scheme (7.1.2) is realized in the following manner. Summation of
Eq. (7.1.2a) with respect to u; results in

n+1/2 _ _n

B & G (g Bl + S, (7.1.3)
wh
ere po=9du; S5,=354u; o,=0—0, (7.13a)

T
and the sum in Eq. (7.1.3a) is taken with respect to network indices.
From Eq. (7.1.3) ¢5*¥/2 is determined explicitly

n+1lg_1—ﬂ‘t‘0¢ 3,
Po "1+ ate, o + 1 +o(:1:o'¢ T (7.1.4)
After this step Eq. (7.1.2a) is integrated to give

(Pn+1/2_q,n o,
Tt ol R Bon) = o (agpt P+ Bl + 5. (7.4.20)

In order to simplify the execution of the second fractional step a scheme
of complete splitting is used

¢n+1/m _ (P"
PP M(agrrim o B + S, (7.4.53)

¢n+(‘+1)/m —_ ¢n+‘lm

= A“(o‘q;n+(i+l)/m+ﬁ(pn+i/m)’ { = 4,00, m—1,
(7.1.5b)

T
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where Ay = Azy + - -+ + Agp-q; Ag; is the approximation of the one-
dimensional operators u;(d/dx), 1 =1,...,m —1; (m — 1) is the
space dimension.

The boundary conditions should now be analyzed. A mixed Cauchy
problem is used for Eq. (7.1.1)

(p(x,u,0)=<p‘,(x,u), (x’u)th

L el ) =0, (719)
m-1 ’
2mem <0, (x,u,b)el’ (7.4.7)
k=1

in'the ‘cylindrical regien-IT = G x H with the base G, side boundary
I'=yxH, y=G~— G of normal n = {m}. If IT is a parallelepiped,
then the satlsfactlon of boundary conditions in the scheme of complete
splitting is obvious, namely, at each i-th fractional step of Eq.(7.1. 5b),

a scheme of running calculation along #; in the direction from the
m-1
111um1nated edge (Z‘ Uy M <0> is carried out.
, k=1 .
"In the case of an arbitrary cylindrical region I7, w1th base Gy, the

region. I, is included in the parallelepiped /T and the value of ¢ is
defined respectively in the region IT — IT,. In the two-dimensional
case the definition of g is carried out in the following way (Fig. 7).
At the first fractional step ({ = 1) of Eq. (7.1.5b) it is assumed that
@"+2/s = 0at A B and ¢**8 = 0 in regions FBK and K A E. The second
fractional step (¢ = 2), is performed with the initial data ¢"+*3 which
were determined from the first, fractional step and with boundary
conditions ¢ = ¢"*! at AD. A detailed study of the convergence of
the different scheme is’ given in [70, 71].

T non-illuminated edge

direction
of beam

£
illuminated edge

X

4g. 7. Extension of thé définition of  in IT — IT, in the two-dimensional

case. The small arrows show the direction from the illuminated to the non-
) 1llum1nated edge

An analogous approach to the summation of @, leading to. a dif-
férence equation which contains-only g, in the upper layer was used
earlier by V. Ya. Gol'din [98]. :
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7.2 Algebraic equations
A. A. Samarskii [50] suggested an algorithm for the solution of a
system of differential equations

au ..
'+Z'auu;—fl() Li=1,...,m. (7.2.1)

An explicit integration scheme of Eq (7.2.4) is of first order accuracy
and requires O(m?) operations.. . ;.. 3
The ordinary implicit scheme

un+1__u» un+1+un‘ “\‘ .

—— tAd—F—= /", u=tud, f= {/.} A={a;} (7.2.2)
is of second order accuracy and requlres O(m3) operat;ons A scheme
which is analogous to the a.d. scheme was suggested in [50]

untl/2 _ gn
+ Al ynt1/2 + A2 u = fn+1/2’

/2 , (
w1 g li2 2 7.2.3)
__1./_2__’_ Al un:(-l/zl +A2 unt1 = f(r:+l/2,

where | .
A = Al + Ag, :

Ay = (a55), A2=(a};), a;=0, j>i, (7.2.4)
ai; + af;r= ay;. l

If the triangular matrices A4, ém;l.yAz are positive definite, ie.,
(Agu, %) =C |ul?, c‘> 0, & .;e 1,2, (7.2.5)

then scheme (7.2.3) is stable.
Scheme (7.2.3) can also be considered as 1terat1ve For the coefficient
of error decay p (see [50]) we have SRR B

- _1—a __2C+
939_1«#0";‘” —1+—d’:c—f’lm (729
where e ;

4 = max(| 4], | 4a]). .

It is easy to see that a scheme analogous to the sphttmg scheme can
also be used here.




Chapter 8

Some Problems of Hydrodynamics

The method of fractional steps can be successfully applied to pfoblems
of hydrodynamics for the construction of economical integration and
iterative schemes. o '

| 8.1 Potential flow past a contour

Consider the plane potential flow of an incompressible liquid past
a contour p with an axis of symmetry x, =0 (Fig. 8). The flow at

il

nw\_/x‘:b "

Fig. 8. Orthogonal network of parallel curves and normals

infinity is taken to be uniform and the velocity vector w = {u;, #s} is
directed along the #;-axis. We have

%y = %o, Uy > 0, x§+x§—>oo. (8.1.1)

For the stream function y we have the boundary value problem

dy=2%+ 2% =0, (81.2)

p(x,,0) =0, —00 <% <4, b<x <00, (8.133.)

P(#, %) =0, (%1, %)€y, ' (8.1.3b)
Y _ue oo, d4ddow. (84.30)

0%, CED
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The problem (8.1.2), (8.1.3) can be solved in Cartesian coordinates but
the network in the vicinity of the boundary will be non-uniform in
this case and this reduces the accuracy of the calculations.

Let us introduce an orthogonal system of coordinates y,, ¥, where y,
is the length of the contour arc y; ¥, is the distance from y measured
along the normal; y, and y, are related to x;, and x, by the equations

% = %1(51) — yzsina(yy),
%3 = %2(y1) + Y2 cosx(y;), cosa = Z—;l.
1
dxy + dxy = [1 — . k2 dy} + dyi,
where
% = %), %= %)
is the parametric representation of the contour y; k(y,) = da/dy, isthe
contour curvature.
Eq. (8.1.2) is transformed into

2 (Hov), o (How)
‘7J’1(H1 8y, + 0y.\ Hy 0y, 0 (84.4)
where .
Hy=(1—Fky)?:, Hy=1. (8.1.5)
The integration region is transformed into a semi-infinite strip
0<n<l, 0Zy:<ow, (8.1.6)

where / is the half perimeter of the contour.
The boundary conditions are given in the y,, y; plane, as follows:

p(0,y2) =0, ¥y, y) =0, (8.1.7a)

v(h,00 =0, 0<y </, (8.1.7b)

P(¥1,a) = —u10% = —wyo{%(y1) + acosx (y)}. (8.1.7¢)
An exact representation of the boundary conditions is obtained at
a — oo if condition (8.1.7c¢) is replaced by Eq. (8.1.3¢) and if Eq. (8.1.3¢)
is expressed in y, and y, coordinates.

The Dirichlet problem (8.1.4), (8.4.7) in a rectangle 0 <y, <!,
0 < y; < a is solved by a known method (see Ch. 4).

In order to speed up the convergence the scale along the y,-axis
should be changed by the introduction of a new variable Y, = f(¥s).
Furthermore, it is convenient to introduce the relaxation factor
F(yy,9.,%) in such a way as to solve the Dirichlet problem for the
unsteady equation

ay 8 H, o a H, a

= Fourn ) [ e ] 619)
An algorithm of similar type was worked out in the form of a program
which also allows for the possibility of axial symmetry.
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8.2 Potential flow of an incompressible heavy liquid w1th a free
boundary (spillway problem) .

Consider the problem of flow of a stream, uniform at infinity, over
an 1rregu1ar bottom (Fig. 9)

X

—ii———'—ﬂ.,

70

-

X

Fig. 9. Flow of a stream over an irregular bottom

We suppose that the bottom surface is represented by the equation

%2 = f(x1), (8.2.1)
where f(x,) satisfies the conditions
f(—®) =0; f(+00) = he. - (82.2)

The motion of the liquid satisfies, as before, Eq. (8.1.2).
The boundary conditions in the physical plane x,, x; are

U == :;p =Uu_s, #=0, 0<% <H_ ., %= — 0, (8.23a)
2 .

" = — g;” = U, s =0, ho <% SH,,, % = + o, (823b)
2

p =0, (%1, %) €Yo,
17 [(ﬂ) + ( o ) ] + Py = *‘g"‘ﬁf f",‘éh (%1, %) € 71, ';7-‘(»8)1.2_3":)

i 9%,y

p = const = ¢y, (%1, %) €p1. (8.2.34d)

Here H_, is a given quantity; Po is the pressure at ‘the upper (free)
boundary.

Condition (8.2.3d) means that the free surface in steady flow is,
like the bottom, a streamline (y-line); and condition (8.2.3 ¢) corresponds
to Bernoulli’s equatlon

“The free surface is undetermined and should be selected in such a
way that conditions (8.2.3¢) and (8.2.3d) are compatible. Constants ¢;
and ¢, are found from the conditions .

‘  a=u.H., S (824

¢y = —;—ugu +P0 + gH—w- ' o . (82'5)
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Finally, the ultimate height H. and velocity «. are determined: from
the laws of: conservation of mass and energy (Bernoulli’s law) -

Uow Ho = ua(Ho — o), ' (8.2.6)
¢ — P, = %u'ﬁm +.gH,,._ . o 5_:(18.2.7)‘

New independent variables x,, y are needed for the ‘solution 'of the
complex non-linear problem (8.1.2), (8.2.3) and x, is selected as the
unknown function. Instead of Eq (81.2) a quasﬂmear elhptlc equation
is obtained.

For convenience we use the notation: x, = x, %, = 2. Then the
equation for, z is

faz\s
a2z d 1+(W)

ax® ay 9z =0 . (8.2.8)
oy
or
92z ' )
L 3 = Zi—a? -_ xzwaxa'p + [1 + z,] = 0. ., (8’2-9)

The region of integration in the variables %, p becomes rectangular
Boundary conditions (8.2. 3) are in this case (Fig. 10)

hd
U

, 0<p<c, x=-—¢, {8.2.10a) -

=Xt h, 0<y<ea, x=+c  (8:2.10D)

z=f(x), —c<x<c, yp=0, (8.2.10¢)
BrEz—c+P) A +1=0 —c<x<c, y=c. (8.2.10d)
An exact form of this problem is obtained for ¢ — oo

n =G

-c ¥ rf ' ¢ x
Fig. 10. Integration region in the plane X,y

Values of z on the stralght lines Iy, I, Iy are given by
Eqs. (8.2.10a, b, ¢) and the nonlinear condition (8.2 10d) is given
along the straight line I',. A complex iterative process is needed for
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the solution of the resulting nonlinear problem. For this, as usunal,
the following unsteady equation :is considered, corresponding to
Eq. (8.2.9)

9z
W =L z. ’ (8.211)

This equation is integrated with some scheme in fractional steps. The
coefficients in the L operator are taken in this case from the preceding
iteration. For example, the iterative splitting scheme is

Mz Ay e A4, + 4., 4, +4_, .
T = @) S N () Sy 20y 4
oA — gt yugdit A ds+ Ay piap
—_—— = (2:2,)" 5 2%, 2" + (8.2.12)

+ [+ e dafo e,

The boundary condition (8.2.10d) is linearized in a similar way
(Z)k 2 4+ [(gz — c1 + Po) 5l 23" +1 =0, (8.2.13)

where % is the iteration index at the boundary.

The network lines nearest to the boundary Iy, I'y, I, I's, are denoted
by wg, w1, w2, 3.

Let the value of z, from the #-th iteration, be given on I'y. Then for
z a boundary value problem of the first type is obtained, and, using
the given boundary conditions, one or several cycles are performed
according to scheme (8.2.12). After this the conditions on I'; are recal-
culated by iterations according to the scheme

E+1 _ Lk E+l __ on
—-——-Z M z = (Zx)k_A_l_;—hﬁzk*'l + [(gz_cl_*_Po)zv]k‘il_h_z_(a)_‘l_) + 1’
1 . 2
(8.2.14)

where 2% (w,) is taken on w, from the last iteration in the solution of
the Dirichlet problem. By alternating the iteration cycles a convergent
iterative process is obtained. This algorithm was suggested and realized

in {73].

T

8.3 The flow of as<viscous liquid

In the two-dimensional case the flow of a compressible viscous liquid
is described by the equations

Q(ﬁﬁ'l'“l U, + u 3‘“1)+—%=,uAul+ (c+ﬂ)_a_(?_u_l+a&);
at dx, 3

2 E ox; X \8x,  9x,
(8.3.1a)
2y 2y KA B 0 (0uy | ),
Q( 51 T gy th axz) + oy, = pdmt (C + _v,)ax,(ax1 + axz)’
(8.3.1b)
e 4y le 20y (i"—‘+—a“”)—o 8.3.1¢)
ot 1o T, TG T ) T Y (83.1¢
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where u and { are the coefficients of viscosity.
For an incompressible liquid we have

%=%+"‘76%+"27%=0’ (8.3.2)

and Egs. (8.3.1a, b, c) take the form
e’(%’:—‘+ul%%+u2 ‘;::)+%’:=y4ul; (8.3.34)
g(%+ul‘;—::;+uz‘;—;‘:)+:—i=muz; (8.3.3b)
g";i + —‘;:‘7: = 0. (8.3.3¢)

Here our calculations are confined to the special case of incompressible
flow. This is described by Eqs. (8.3.3a, b, ¢} or, equivalently, the equa-
tions

duy du, 1 op _ .
157, + 4% 9%, + e vAu,; (8.3.4a)
0%y 0Uy 1 ap _ .
ul?;g + %o FYR + e 94, = 'l’AMz, (83.4b)
du, duy
S, (8.3.4¢)

where » = ufp is the coefficient of kinematic viscosity.
Boundary conditions in this case correspond to symmetric flow
(Fig. 11).

X *

~N
e

=0 xn=b x x=0 n=b 1

a b

Fig. 11. a — network adapted to the contour, b — network not adapted to
the contour

To construct a relaxation process some unsteady problem is con-
sidered in accordance with Egs. (8.3.4a, b, ¢).

A model of a weakly compressible liquid can serve as the most
natural relaxation model. In this case we start with system (8.3.1).
Retaining Egs. {8.3.1a) and (8.3.1b) we assume that

p=a gt (8.3.5)
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(a% k are constants). Eq. (8.3.1b) can be written in the form
e (4& +u1—P-+ "y ax)+1>(a“‘ 2)=o,

1 ax% | ax, (8.3.6)
E* . R
When £ is sufficiently large an equation with a small parameter ¢ is
obtained.

The unsteady system in this case is

& =

AUy AUy au1 " ap oo

— 4+ 1a—x+u +?67—’VA“1,

oMU, Ouy au, 1 op .

Si gt + g e = v 83.7)
ap ap ou, du,
( +u‘—+“2_)+P(axl+“axz)_0'

It is assumed below that g = 1.
A splitting scheme ‘in coordinates %, and %, can be applied to
Eq. (8.3.7), approximating the system
1 ou, +u aul

2
+ ap vaul,]

2 at Y T ax; °
1 au2 dug _  92uy
> + a7, ~ Vo ~ (83.8)
ap p U,
28 T et P =0

at the first half-step
tefz, (n +1/2)7],

and the system

1 du, duy  Puy
2 ot T¥, V%3
1 au2 du, ap _  dcuy
2 5t T % axg + Py [y (83.9)
1 3 du
—8_" + & u; + P —t = 0

Bx
at the second ha]f-step
tel(n + 1/2)7, (n + 1) 7).
Still another unsteady system can be used. This is of the type

Ity ou, | 8P . o
at T MG ax tw g+ g = v A (8“0)
aug_'_ulz_z_*_u 6‘ua +i=vdu2; .
)%y _ .
.ig_..l. aul 4 —L 6u, =0, (8.3.11)

at EN LEN

8.3:The flow of a viscous liquid

where -
»

4 [ T 2 -
=50+ 5 91=?+£2 p=t+
The sphttmg scheme is applied to the system

1 du, aq, _ . Puy | )
2 ot Tox, = "m0
1 duy g  %uy |
20t VMg =V |
1 9¢y oty _
2 ot T 8%, 0,

1 9y duy 8wy
25t T ¥, TV aa
1 ou, g, - 2u,

2 ot 0z, ax: "’
1 a8q, AUy
2t T vy, 0 )

The cbfresponding splitting scheme is

n+1/2 8
Uy . ) + 4L Al ((an+1/2+ﬁq ) AIA—I (ocu""l’”+/3u
u3+1[ﬂ — %3 n n+ 12 n+1/2 n
——1-_—-—+((x’ul +ﬂu1 )_((xug +ﬂ“g)
1
= A A—l ([x un+1/2 + ﬂu )
n4+1/2 __
i . q1 + Ah—l ((x urlullz +ﬂ“i‘) =0,
n+l __ ,m+1/2
" T'ul + ((x u;‘“ + ﬂug+l/2)_}%_(o‘ u:'lHl + ﬂui;fl/a)
=9 Az}é—z ((x Mil,+1 +ﬁu111+1/2);
n+1 __un-rlla A
Ug - 9 + h_:(“ qg+1 + ﬂqr;-«-l/ﬁ)
= A f‘; ((X 'u;”l +ﬂug+1/2);
qn+1_ n+1/2‘ Al 1 1 _
s gt + fugi) =o, |
where
A=A_y; (auf +pui*"?) >0;

(
4=A4, (x u} + But*'?) < 0;
D =Ady;  (xuftt + Bugtt) >0;
d=4, (xuf*' +puz*'? < 0;
x>0, =20, a+f=1.

109

(8.3.42)

(8.3.13)

(8.3.14)

(8.3.15)

(8.3.16)
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A, 8 can also be central differences. It is easy to see that the implicit
schemes (8.3.15) and (8.3.16) can be reduced to three-point sweeps
along the network lines (Fig. 11). The network can be either adapted
to the contour (network lines meet at the contour) (Fig.11a), or not
adapted (Fig. 11b). In the latter case additional interpolation is used.

In practice, the condition at x = F oo is applied at x = F¢, with ¢
sufficiently large. Such an algorithm was studied by B. G. Kuznetsov
and the author [74], and realized in program form by N. N. Vladimirova.
New splitting schemes with artificial relaxation operator were considered
in [107, 108].

8.4 The method of channel flows

A curvilinear network is used in the solution of many problems of
hydrodynamics. The method of channel flows consists of a simultaneous
transformation of coordinates and velocity components in such a way
that each component characterizes the flow velocity in the channel
of corresponding coordinates (Fig. 12).

) @

L}

U

X Q

Fig. 12. Transformation of coordinates and velocity components

A tensor representation of the equations of hydrodynamics is used
for this purpose. Let

g( +Zu“au)+ap=0;

x> axt

de +§ua ax‘" + Z‘ 67:"‘ = 0; (8.4.1)

S+Zwim=0 p=1@9

gx*
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be a system of equations of gas dynamics in orthogonal Cartesian
coordinates. We consider #* as the contravariant components of the
velocity vector u, and dp/9x¢ as the contravariant gradient p.

Let the functions

g =g, ...,xm8, i=1,...,m, (8.4.2)
determine the transformation from coordinates x¢ to curvilinear coordi-

nates ¢ at a given time ¢. By introducing, as usual, the transformation
matrices

i . [ - .
aj_axw AJ" agl’

b a AF = o, (8.4.3)
the following transformation law is obtained
=3 a, u, (8.4.4)

where U’ represents components of the velocity vector which correspond
to coordinates qi. It follows that

aU‘ - a ‘ X - gat
—— ' i B -3
at Z( x at ) 2“ Zﬂ_tAg U
; du” i 7 i
=§aa7+§b“U, ba=%‘ af’Ag (8.4.5)
Thus, the expressions
aU
2 b, U» (8.4.6)

are transformed as components of a contravariant vector, and after
transformation to coordinates ¢ according to (8.4.2) and to components
U? according to Eq. (84 5), Eqs (8.4.1) become

e( +ZU“ )+2g“" aqa = @
_t+§U“a_q°‘+e§ 0q°‘ =T; (8.4.7)
9S % 95 .
W+§U6_q"‘=0’ La=1,...,m,
where
¢i=—9(2bf; U“+2Uﬂ1‘;;,,Ua);
I3 &, B
= e 25U (8.4.8)
BA, ,
Zyaﬁ: i,a.ﬂ,y=1,..‘,m.
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In. the particular case m = 2 consider a splitting scheme
9y _

1ol e i =5 o5 (8.4.92)
%Qﬁa’ft_”+gul rerih -l (8a9)
1l o gq@l + ";‘q" -1 (8.4.9¢)
R :; 0, " (8.4.9d)
Lol + 2%+g" :;} = 5o |
ze%er + Uz%:“"g” Zéjlz -z (8.4.10)
e
WY

Systems (8.4.9) and (8 4.10) are approximated by some dlﬁerence scheme
within the intervals te[nt, (v + 1/2) 7]} and [(# + 1/2) 7, (n + 1) 7],
respectively.

Each of the systems (8.4.9) and (8.4.10) has the structure of a one-
dimensional system. Namely, Eqgs. (8.4.9a, b, ¢) are analogous to the
one-dimensional equatlons of gas dynamics and can be solved with an
implicit scheme which is based on vector iteration. Eq. (8.4.9b) is then
solved by the method of running computation for U?. A similar procedure
can also be applied to system (8.4.10). This scheme of calculation is
convenient in the case when a contact boundary in a movable system
of coordinates represents the coordinate line (S.K.Godunov used
movable networks of. this type). In this case we can iterate along the
channel crossing the boundary, because the transverse contravariant
components of the velocity vector are continuous across the boundary
(Fig. 13). This situation follows from the fact that a discontinuity of

g,=const .
Fig. 13. Ulis continuous across the contact surface; U? has a discontinuity -
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the velocity vector U* — U~ at the contact boundary is parallel to the
boundary itself.

8.5 The predictor-corrector method (method of correctors)

The predictor-corrector method can be considered as a modification
of the method of fractional steps, although the predictor-corrector
method has been used before in many problems.

As was demonstrated before, the predictor-corrector method can
be used in the construction of the approximation correction scheme
(Ch. 2). In the case of nonlinear equations it can be used for the recon-
struction of conservative schemes. Although the predictor-corrector
method has been used for ordinary differential equations for some time
its application to nonlinear equations with partial derivatives wag
suggested only recently by J.Douglas [75], S.K.Godunov, K.A.
Semendyaev [76], S. K. Godunov [34], I. K. Yaushev and the author
(35). The application of the predictor-corrector method to equations
of gas dynamics can be presented as follows. Let

fuds —vwdt = [[fdxdt (8.5.1)
be a system of conservation laws presented in the vector form
u={“1»--wum}r ‘U={‘Ul,...,vm}, f={fl:-~-:fm}
System (8.5.1) corresponds to the conservative hyperbolic quasilinear
system du av (u)

Using a rectangular network, relations (8.5.2) are approximated by
the difference scheme (Fig. 14):

urtl — yt v, — vk,
- —_ *k
L B O ). (8.5.3)
t
sl
b =
,* v y* ¥
,** U,-**
f
I3 i —_

X4 X X4 x
Fig. 14. Distribution of values u, v¥, u**
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It was assumed here that

'M:‘= u(xi)tn)r 1)? = v(xirt*)r ui“l = u(xi’t**)' (854)
Quantities v?, #¥* can be calculated with any scheme. Consider first
a uniform scheme obtained by assuming that

1)‘—061)'”1-}-/31)"—061}( n+l)+ﬂv(u) ‘
ut =¥ =ou'+fur, a0, =0, a+f=1. (855
Scheme (8.5.3) takes the form
uitl — u} + afo(mwidl) — v(‘u"“)] Blv(uiy) — v(uiy)]
T 2h 2h ‘
= f(u}) = flo o™t + Buf). (8.5.6)
For the realization of scheme (8.5.6) formulas (8.5.6) should first be
linearized with the assumption that

v(un+1) = 'U(Mn) (un+1 -_ %");

flw*) = fum) + ” “ * — un). (8.5.7)

After this formulas (8.5.6) are solved by vector sweeps. It should
be noted that after the introduction of Eq. (8.5.7) into Eq. (8.5.6)
the scheme becomes non-conservative. In order to retain this property
scheme (8.5.6) should be solved exactly and relations (8.5.7) considered
as iterative

k+1 k ak'l) k+1 k
v(u) = v(u) + “u (w — u);

k+1 ’} k+l kK (858)
109 = 1) + s (4 — w),

where % is the iteration index and u = »”. Thus in the case of a uniform
scheme it is necessary to comMBine the vector iterations with nonlinear
iterations. The predictor-corrector method makes it possible to do
this without iterations. An arbitrary implicit absolutely stable scheme
can be used for the calculation of v*, which does not have to be conserva-
tive and which does not require nonlinear iteration.

System (8.5.2) can be written as

au_}.Ai’i_f

ETIRET > (8.5.9)

Then the following scheme can be used for determination of #* and v*:

W A(w) A4, +hA_1 wt = f(u'i) + B(ur) (u* — u),
= Y _ ” ” (8.5.10)
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This scheme can be realized by means of vector sweeps and does not
require iterations (see [34]).

After u* is determined from Eq. (8.5.10) we determme v¥ = o (u*).
With scheme (8.5.3) we obtain a conservation scheme. It is absolutely
stable for #* > (f, + #,41)/2 and is of second order accuracy for
t* = (t, + f,41)/2. Another implicit scheme, for example, the majorant
characteristic scheme, can be used instead of (8.4.10) (see [35]).

8.6 The equations of meteorology

G. 1. Marchuk [77, 78, 97] developed the following implicit splitting
scheme for the integration of the equations of meteorology:

out , dut o Oul g o _ OH
S tu gt - Lu? = e (8.6.1a)
Ju? du? g 003 1 _ oH
_at_ 241 Fys + u FEe + lut = a—z', (8.6.'1b)
3
Ll vl - mT =g, (8.6.4¢)
dut 6142 dud
s +3;'2-+-6—P——0, (8.6.1d)
T = —kgﬁ P (8.6.1e)

where #!, u?, u® are velocity components along axes x%, 22, p; T is the
temperature; H is the height of the isobaric surface $ = const; ¢ is
the heat flow per unit mass; / is the Coriolis parameter; %k, and %, are
constants. System (8.6.1) is irregular, i.e., does not belong to the
Cauchy-Kowalewski systems.

After the introduction of the vector function

oH aH Tu®
u={ul,%2,T}; f={— axl:_axz)kl

>+ q} (8.6.2)

and the matrix

0 =1l o
A=/ 0 o (8.6.3)
0 0 O
Eqgs. (8.6.1a, b, ¢) can be written
ou au ou
—a—t-'f-ul ax1+“27x_=+‘4u=f' (8.6.4)

Subsystem (8.6.4) is a closed regular system of hyperbolic type for a
given function f. It is solved by the method of splitting

n+1/8 __ gun
A TRy AywntiB =, (8.6.5a)

wr+2B __ gnt s

_ + Ayun+as = 0, (8.6.5b)

unt+l  gyn+2/8

+ A urtl = frn41 (8.6.5¢)
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where operators A, A; approximate the operators #' (0faxt), u? .(6 j8x?),
respectively. In order to close system (8.6.5), we need to determine f**1,
For this purpose a difference approximation of Egs. (8.6.1d) and (8.6.1¢€)
is added to Eq. (8.6.5¢):

3
Ay + Ak (st —
2 T2n  ErT o
Ag + Ag rm (8.6.6)
Tn+1=_k2p,3ThsLH +1, ]

h1==Ax1, h2=Ax2, h3=AP.

Eq. (8.6.5c) together with (8.6.6) represent a closed system with
respect to wt! and H™l (considering boundary conditions). Whe?n
untl is eliminated from Eqgs. (8.6.5¢) and (8.6.6) it is possible to obtain
an equation for H**! which is solved by iteration.

Chapter 9

General Definitions

In the preceding chapters several problems of mathematical physics
were studied together with their solution, using the method of fractional
steps. In this chapter an attempt is made to present a more general
point of view and to discuss different methods of construction of schemes
with fractional steps, as well as to define the method of fractional steps
for a wide class of schemes.

9.1 General formulation of the method of splitting
Validity of the method as determined by the elimination principle
in the commutative case

In [79] the method of splitting (fractional steps) was formulated as
a method for the construction of economical implicit schemes for a
system of partial differential equations. In [79] only the two-layer
systems in fractional steps were studied. In the paper of G. I. Marchuk
and the author [51] presented at the All-Union Conference on Computa-
tional Mathematics (Moscow, 1965) and at IFIP (New York, 1965)
this method was formulated for systems of differential equations and
many-layer schemes in fractional steps. Consider a linear system of

integro-differential equations with respect to an unknown vector
function

ou
5 =Qu+/, (9.1.1)

for which the Cauchy problem is correctly posed in some Banach space

w(x,0) = uy(x). (9.1.2)
Let
Q=+ +-+8, : (9.1.3)

be the representation of integro-differential operator £ as the sum of
operators £, £,, . . ., 2,; the operators £, ..., £, are approximated
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by operators 4;; in such a way that the following approximate represen-
tations are valid!

A10+/111_ . ~ Ly l
Az + As1 + As2 ~ £y (9.1.4)
Apo + Apy + -+ App ~ 2y
The method of splitting is
nillp __ gn
ﬁ_ﬂp?_f‘_ = Ay + Ay urttP + Fy;
: un+2/p — un+1/p _ . .y / .
-z - Agqur + Aoy untVP + Aggu**P + Fy; (9.1.5)
'LH_T%M:(_’__I)E =Ap0un+/1plun+1/p+ +Appun+1 +Fp,
where ’
p
F,=A4,f;, > A4,~E. (9.1.6)
s=1
If ‘
Asr=0: r<s-—1, i (917)

then each of the schemes (9.1.5) is a two-layer scheme. It is not difficult
to define the convergence conditions of the difference scheme (9.1.5)
to Eq. (9.1.1), provided all difference operators 4;;, A; are commutative.

Consider for simplicity the case of uniform two-layer schemes (f = 0,
F,=0,4,,=0,r<s—1)

ynthlp _ ynt+&k—Dip
_ Akk-—l ynr+&-Dip Akk un+k/p’ E=1,..., 1,

(9.1.8)

Construct a corresponding scheme in whole steps. Egs. (9.1.8) can be
rewritten in the form '

A, ur+klp = By yn+®-Dlp, (9.1.9)

T

where
A = E — v Ayy; B.=E+1Mp_1, k=1,...,9.

Using the method of elimination suggested by J. Dc;uglas [12] and also
the commutative property of operators 4; and By the following scheme

1 Operators Ay, can be of arbitrary structure both difference and integro-
differential.
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in whole steps is obtained
Awtl=Bu;, A=A4,...4,, B=2B,...B,. (91.10)
Expansion of operators 4 and B in series of v results in
4 =E—T(/111+A2‘2+;'.'+/1pp) +
+ ’52(/111/122 + -+ AP—IP—IAPP) N
+ (— '1)P17P A11 Azz e Ap—lp—l App;
B=E +v(dyo+ A1+ + App_1) +

+ TZ(A10A21 + o+ Ap—-lp-2 App—l) + -+
+ TpAlo Agl [N App—l'

(91.11)

Using Eq. {(9.1.11), the scheme (9.1.10) can be transformed into

untl _ yn p
— =k2;(/1kk-1 w4+ Appwtl) + 7 D, (9.1.12)
where
D =3 (i1 djj- lun—AiiAjjun+1)+72(Aii—1Ajj—1Akk—1”"+
i<j i<j<k
+ AiiAjjAkk un.+1) + o+ Tp—2[A10 Agl e App—l u* +
+ (—1)P'1A11A22...Appu"+1]. (9.113)

Eq. (9.1.12) proves the consistency of the two-layer scheme (9.1.9)
because of Egs. (9.1.4) and (9.1.7) :

P P
2 (A1 + Arr) ~k21.Qk = 0. (9.1.14)

k=1

Now the conditions of correctness of schemes (9.1.9) and (9.1.10) have
to be found. Egs. (9.1.9) can be expressed as follows

unt+k/p — Ck un+(k—1)/p, Ck = Al_tl Bk, k= 1,.. "p‘ (9115)

The scheme in whole steps is

witl=Cwu, C=C,Chy...C;,=A4"1B. ' (91.16)
Scheme (9.1.9) is uniformly correct if
ICII =1C,Cpy...Cyl <1 + constr. (9.1.17)

It is obvious that the stability of each scheme (9.1.9) in fractional”
steps is not a necessary condition.
Using a known theorem (see Ch. 1), convergence occurs if

4| <M, |C]|<1+N-m, (9.1.18)

where constants M and N do not depend on # and 7.



120 9. General definitions
9.2 Validity of the method of splitting in the non-commutative case

In the general case of the non-commutative operators the convergence
criteria are analogous but the proof is more complex. Changes of the
method of elimination in the case of non-commutative operators are
shown below for the two-layer scheme (9.1.9) with two fractional
steps (p = 2).

 Since the operators 4, and B, are non-commutative, the usual
method of elimination is not applicable. Multiply the first of Egs.(9.1.9)
by B, and the second by A4; (where operators 4; and B, are still
undetermined). Addition results in

Hl Ag u'”'l - Bg Bl ur = (Zl Bz - Bg Al) un+1/2. (9.21)
Assume that
Zl = Al + Tt ay; Bz = Bz + 1 b2 (922)

with undetermined operators a;, b, and exponent s. It follows from
this expression that

¥

Assuming that

Zl B, — Bz A; =0, (9.2.4)
we obtain )
§=2, (9.2.5)
by Ay — ay By = Ayy Ayy — A4y Aoy (9.2.6)
If operators a4, and b, satisfy condition (9.2.6), then Eq. (9.2.1) is
‘M"HT——W = (Ay1 + Aeg) w*l + (Ayo + As) w* + T D, (9.2.7)

D = — Ay Ayguntr 4 Ay Ayg 4t + by Byuwr — a3 Apun*t. (9.2.8)
Assume also for simplicity that 2, = 0. Then from Eq. (9.2.6) we have
by = (Agy A1y — Ayq Azy) AT (9.2.9)

From this @ takes the form
D= — Ay  Agourtl 4 Aoy Ay gu + (Aa1. 451 — Ay 1 A21) AT Byw. (9.2.10)

Using condition (9.1.14) we see that the scheme (9.1.7) is consistent
with Eq. (9.1.1) if the value )

(Azy Ayy — Ayy Azq) 47 By f (9.2.11)

is finite for any sufficiently smooth function f.

It is shown below that with certain restrictions on the 4 operator, the _

function A-1F possesses the same smoothness as F, i.e., the boundedness

Ay B, — B, 4; = v (Aoy A3y — Ayy Agy) + v2(ay By — by 41). (9.23) 7
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of A-1F and of its finite differences up to order g for any small %, follows
from the boundedness of F and its finite differences up to order gq.
Let A be the difference operator (not necessarily finite) of the general

type

Ad:Adf=3a, . ..Tyn... Tmf, (9.2.12)
where the sums with respect to «, ..., «, are carried out from
&, =—N, to 6, =N,, s=1,...,m.

Let A, = T, — E be the operator of the first right-hand difference.
The following operators should also be considered: 6,4, d;;4,...,
0i...54

6iA =2 (Aiaoq...txm) T‘i‘l' .. Tf‘nm;
]

6i1iaA' =Z(Ai1Aizarx1...zxm) i‘l'”T;xnm; (9213)
Oi...igd=2(di... Ay, 05 ) TE ... .
The following relations can easily be verified
Ai(Af) = (4 + 6;4)Aif + (6:4) f; l
AiAj(A Hh=(4+ 6§64+ (S_,A + (s,‘jA)AiAjf + (9.2.14)
+ (0 +0:; A)A;f + (8; 4 + 6, A) Aif + (0:;4) . ]

It is clear that analogous equalities can be obtained for the left-hand
difference and also for differences of any order.

Lemma 1. If we assume
8;A =hiA;; 6 A=hihidyi,,. ... 04, . 1, A =hiy.. ki, di. .. i (9.2.15)
and operators A, A;, A4y, ..., Ay .. i, Satisfy conditions

4] <My 4| <My |4 <My

(9.2.16)
"Aill'," SMI:---; |lAi1...iq|| SMI’
where M, does not depend on hy, ..., h,, then
0;A7 = h;B;, 053 A7 = hy by By
......... (9.2.17)

. iqA_l = hil"'hicBil---iq’

where operators B;, By ;,, ..., B, ... iy Satisfy the relations

| B:]| < Ms.; |Bai| <Ms,...; || Ba...sf <Mz (9.28)
and M, does not depend on hy, ..., hpy.
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Proof. If the operator §; is applied to the equahty AA1'=E
(E is the unit matrix), then we have
(A + 6;4) 6,472 + 6,4- 47 = 0. (9.2.19)
It follows that
6; A1

+ by A, :
— h’i (A + hi Ai)—l Ai Al = — hi Bi; (9220)
and B; satisfies Eq. (9.2.18). [0 '

The inequalities (9.2.18) for B, ;
analogous way.

iyig...i, aI€ proved in an

Lemma 2. If (a) the operator A satisfies conditions (9.2.45) and
(9.2.16) of Lemma 1;

”f" < M;; "Alf” ShiMs, ... "Aiﬂi2 .. -Ai,,f“ < by hi, My,
where the constant My does not depend on h;, then the following bounds
can be established

la-tf] <My |4iAd1 D] <h My, ..
[4i .. Ag(A= | < by .. iy Mo
where My does not depend on h;.

(9.2.21)

Proof. The inequality |A-'f| < M, is obvious. Let us’estimate
the quantity 4;(4-! ). Using Eq. (9.2.14) and applying it to operator 41
we have

A (A1 f) = (A=1 + 8;A"Y) Aif + 8471 f (9.2.22)
or in the notation (9.2.17)
ZEA )= (A7 + i B) ot + B (9:2.23)

Using (9.2.16) and (9.2.18) of Lemma 1 we find that
[ 4= | <tlast] + ml B |4t | + 1B 1]
2|+ ). 92.24)

Thus Lemma 2 for 4,(4-1f) is proved. [J
The result for 4, ...4;,(A7f) is proved in an analogous way.

< (M + h; M)

When Lemmas 1 and 2 are applied to Eq. (9.2.11) we see that, for
sufficiently smooth behavior of the coefficients of Eq. (9.2.1) and of
its solution wu(x,¢), the required consistency can be achieved.

The idea of this proof of consistency was suggested by the author

in his paper presented at the IVth All-Union Mathematical Conference
[28], and in more detail in his other paper [80], and also in the work of
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Yu. E. Boyarintsev [81]. Many works have been devoted to application
of the method of fractional steps (with the use of a priori estimates) for
a wide class of equations with variable coefficients. The following
works should be mentioned in this connection: M. Lees [82, 83], E. G.
D’yakonov [21—24, 95], A. A. Samarskii [84, 85, 41, 63].

9.3 The method of approximate factorization of an operator

The method of exact factorization of the operator at the upper
layer, which, in the case of the equation of heat conduction, leads to
a scheme analogous to the splitting scheme, is formulated in the work
of G. A. Baker and T. A. Oliphant [16]. However, the method of exact
factorization turns out to be unacceptable for equations with variable
coefficients. In the author’s work [18] the idea of an approximate
factorization of an operator was defined, which is applicable to equations
with variable coefficients. The method of approximate factorization
(the method of a split operator in the terminology of E. G. D’yakonov)
was studied and developed for a wide class of parabolic and hyperbolic
equations in the works of E. G. D'yakonov [21 —24, 95].

A general formulation of the method from the point of view of
G. I. Marchuk and the author [51] is presented below.

Let

M"+1 — yn

= A wrtt + Ayun + F, 93.1)

T

be the uniform difference approximation of Eq. (9.1.1). The function F,
approximates f and in the case of multi-layer schemes also contains
the result of application of difference operators to #*1, u"~2, etc. We
confine attention to the two-layer approximation in the definition of
the method of approximate factorization.
Let
Ay = Ay + Ay + -+ + Ay

Ay = Ag1 + Aoz + -+ + Aoq
be a representation of the upper and lower operators A;, A, as a sum

of operators of simpler structure. The following approximation relations
are valid

E—-—td)(E—1hs).. . (E—TAp) ~E — 7443

(E+1h01) (E+ 71 dgs) ... (E+7d09) ~E + 74,. ‘
Using Eq. (9.3.3) the scheme (9.3.1) can be replaced by the factorized
scheme
(E—vAn) (E—vAp) ... (E —7vdy,) urt?

= (E+1A0)(E + 1 443) ... (E +7dog)w* + T F,. (9.3.4)

(9.3.2)

(9.3.3)
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It is not too difficult to establish that scheme (9.3.4) is consistent with
Eq. (9.1.1). In fact, expansion of Eq. (9.3.4) with respect to 7 results in

B o (M Myg e+ A w4
+ (Ao + Ags + o + Ao uw + F, + 7D, (93.5)
where
[l%;/lo,/lo] +tz<§ Ao Agj Agr++- +Tq‘2/101/102.../10q]un+
[ 2/11,/11,+tl<§ Ay My Ay + -0+ +
+ (—1)P-17P-2 Ay .. Ay unrt (9.3.6)

Consistency follows from Egs. (9.3.5) and (9.3.6).

Thus, as opposed to the method of splitting, consistency is achieved
in the case of approximate factorization. Notice that the uniform
scheme (9.3.1) and the representation (9.3.2) do not define exactly the
same scheme. For example, scheme

(E =1y ) (E—1d1py) ... (E =T Ayy) unt?
= (E + TA.oq) (E + TAOq—l) .o (E + TAOI) un + TFn (9.343,)

is not equivalent to scheme (9.3.4) in the general case of non-commutative
operators A, and A,, and becomes equivalent to it only in the case
of commutative operators.

Let us now analyze stapility, which is generally more difficult than
for the method of splitting. Assume for simplicity that f = 0. Eq. (9.3.4)
is written in the form

wtl=(E —tA; ) (E~1d41) HE +7ds1) ... (E +tdg)ur.  (9.3.7)
If for the step operator
C=(E—1d1p)...(E—7d1;)"HE +71d01) ... (E+74y,) (9.3.8)
we satisfy the condition '
[C] <1 + constw, (9.3.9)

then scheme (9.3.7) is uniformly correct.
The estimate of operator C from Eq. (9.3.8) is much more difficult.
In the case when p = ¢ and the operators are commutative we have

C=(E—1ly,) Y (E +7ep) (E =71y 1) H(E +Tdgp_1)..- ]

..(E—TAll)_l(E+TA01) = CPCP_I...CI, (9.3.'10)
Cs= (E""t'/ll.‘r)n1 (E+TA08)' l g
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The scheme of approximate factorization (9.3.4) is equivalent to the
scheme of splitting in this case:

uu+1/p —_yn
- < = All un+ip + Aol u",

yntelp . yn+iip
- = A,wtele 4 Ay untlp,

K (9.3.11)

grtl _ gynt+p-Dip

= Alpun+l + Aop_lun+(p—1)/p + Hn:
H, = 43}, ... A7 F,.

T

In fact, by eliminating successively w*¥/p, yn+?/p . oy @-D/p from
Eq. (9.3.11) we obtain the scheme

W+l =C,Cpoy...Cour + TAZ. . A7 F,. (9.3.12)

In the general case when the operators are non-commutative and $ ¢,

‘the scheme (9.3.4) is equivalent to the following scheme in fractional

steps:

(E —vApn)uwnttp = (E +1.441) (E +7443) ... l
A(E+T1dog)ur +TF,; (9.3.13)

(E _TAlz)un+2/p =untiip . (E —‘r/llp)u"“ =ynt+t®-1/p, l

The latter in turn is equivalent to

un-{-l/p — yn
_——T =A11’M/n+1/p+gun+Fn,
un+2lp - un+1/p
——— = A12 u"+2/p’

.......................... (9_3.14)

ur+tl - ynt@—lip
- = Alp un-{-l’

Q-_-%[(E +7401) (E + T 4g3) ... (E + 7 Ay,) — EJ. |

Thus, the realization of Eq. (9.3.14) is related to a successive con-
version of the operators (E — 74;,),(E — t4;33), ..., (E — 7 Ayp) of
much simpler structure, as compared with operator (E — v 4,), and
this strongly simplifies the algorithm. It is obvious that the realization
of the factorized scheme with fractional steps (the scheme of splitting)
is not unique. In general, the factorized scheme (9.3.4) can be considered
as some canonical scheme which is equivalent to different two-layer
schemes of fractional steps.

Consider now the scheme of approximate factorization in the case
of multi-layer schemes

AIM"+1+A0'M"+A_1M"+1+ ...+A_p+1un—p+l +fn=0. (9315)
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Such schemes could be the results of uniform approximation of both
system (9.1.1) and of a system of more complex form

ZU_Quyy, (9.3.16)

du a%u
B"a_t“"B”W'*' +Bp—a—ﬁ—-

where B,, B,, ..., B, are linear operators.
Let operators A4, be represented as follows

Ay=E+tad, s=1,0,—1,..,—p+1, (93.17)
where A, represents space operators and
As=Ag + -+ Agq,, s=1,...,—p+1, (93.18)

is a representation of operators A4, as the sum of operators of
simpler structure (generally speaking). Then the factorized scheme
which corresponds to Eqgs. (9.3.15) and (9.3.18) is approximately

Z]%n+l + A-OM" + Z_lun—l o Z_p+1“n_p+1 + fn =0, (9319)

where :
A =(E +75d,) ... (E+1md,) =4, + 12~ D; (9.3.20)
D=3 A A5+ -+ (t9)82 A5y ... Ay, (9.3.21)
i<j
Consistency of Eq. (9.3.19) is proved, as usual, by its expansion into
series with respect to v. The main difficulty here is the study of stability
of this scheme.

In conclusion it should be said here that the principal point in the
construction of the above schemes is an approximate factorization of
the upper operator because this permits the simplification of their
realization. The factorization of lower operators has a corresponding
character and it guarantees the stability and accuracy of the scheme.
Therefore, operators at the lower layers can be sought in the more
general form

A, =4, + 12D, =E + v A, + 1* D,, (9.3.22)

where operators @, are of arbitrary structure. Here the method of
fractional steps has the character of the method of undetem‘lined
operators (or coefficients). The theory of schemes of general structure
has been developed very little at the present time.

9.4 The method of 'stabilizing corrections

The method of stabilizing corrections which was introduced by
J. Douglas and H. H. Rachford [12] and formulated in its general
form by J. Douglas and J. E. Gunn [86] is a very general and effective
method for the construction of schemes with fractional steps.
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Let

W W Awtt 4 F,, (9.4.1)
where
Fo=Adou + A qur=t + -+ A_j . ur" 1% + f, (9.4.2)
is the initial uniform scheme. Assume that
A=A+ A2 +---+ 4, (9.4.3)

The following scheme in fractional steps is proposed for schemes (9.4.1), .
(9.4.2) and the representation (9.4.3):

urtip _ yn
- = Al(un+1/p — %”) + A ur + F’“

T

un+2/p — un+1/p
—_— = Az(u’H'z/P — u"),

(9.4.4)

............................

< = P(un+1 —M").

By eliminating successively w+Y/p, yn+2/p . y»+®-2/P an equivalent
factorized scheme in whole steps is obtained

(E—1dy)...(E—1Ap)uwr*t=1Aur+1F, + (E —td))uw" —
~t(E—-td) Ayt — - —v(E—7dy)...(E—tA,_) Apur.  (9.4.5)

After algebraic transformation we have

ntl ___ gn n — yn
W A 4 Fym qs(l“t—“), (9.4.6)
S=3M4;—v 3 A dj M+ + (—1)Pep-2 A1 45...4,. (9.4.7)
i<j i<j<k '

It follows from Egs. (9.4.6) and (9.4.7) that the scheme of stabilizing
corrections preserves the approximation of the initial scheme (9.4.1)
and (9.4.2) with an accuracy up to O(z?).

Let us now analyze the stability of the scheme of stabilizing cor-
rections.

Assume, for simplicity, that « is a scalar function and operators A,
and A4, are commutative. Then using the stability analysis of Eq. (9.4.1)
we find that

a=l e +gle, (9-4.8)

where g, is the ampliﬁca‘tion factor of scheme (9.4.1); Ais an eigenvalue
of operator A; then

1 1
glo) = a0 + aflz torortagnag
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is the growth of error which corresponds to the operator
Agun + A_yun=1 4 -+ 4 Ay W=+,
Ay, 8.1, ...,4 441 are eigenvalues of the operators
A, Ay, -, A giar-

Analogously, for scheme (9.4.6) we find that

9:1=le+g(e)—r2¢(":1), (9.4.9)

where @[(0 — 1)/7] is the error growth which corresponds to the operator
D[(utt — un)/7]. For @[(p — 1)/r] we have

o[£ =S -1, (9.4.10)
where
a = Z}'i)'j -7 2 Allj ]*k + -+ (—1)P‘!'P_2}.1 e lp; (9411)
i<y i<j<k
M, ..., Ap are eigenvalues of operators A4,, . .., 4,. Thus, the following
expressions are obtained for the amplification factors ¢, and g:
R (- lEHEE oy

In the case of two-layer schemes g(x) does not depend on x and the
following theorem holds.

If A; is negative (it follows from this that a is positive) then stability
of Eq. (9.4.6) follows from the stability of Eq. (9.4.1). A more detailed
analysis can be found in [86].

9.5 The method of approximation corrections

The method of approximation corrections is distinguished by the
fact that the maximum stability is achieved in the preliminary steps
and an accurate scheme is constructed at the last step. Let

n+l __ gun n+1 ”n
wr oW st 2+“ +fa (9.5.1)

be a uniform two-layer scheme which approximates Eq. (9.1.1). Assume

that

A=A+ + A4, (9.5.2)
The scheme of approximation corrections which corresponds to Egs. (9.5.1)
and (9.5.2) is

un+12p _ yn
— A-l un+1/2p,

T/2
........................... (9.5_3)
ynte/2p __ ynt(p—1)/2p = A wntpl2p = [ ynti

1/2 14 P ’
urtl — yn = Aw+12 + F,, (9.5.4)

T

9.5 The method of approximation corrections 1”

where F, is some approximation of f,. By eliminating successivefy }
w2 ynt(e-1)/2p we find

(E -~ -;—A1> (E - %Az) . (E - %A,,) untt = gn (95.5)
Multiplication of Eq. (9.5.4) by (E - %Al) - (E — %AP> results-in

(E-Fa)(E-Za).. (E-La,)8l=w

= (E - —;-Al) . (E —%—AP)AM"+1/2 +
+ (E —%Al). (E —%AP)Fn. ~ (9.5.6)

If operators A; are commutative, then using Eq. (9.5.5) the following
scheme in whole steps is derived

(E —%/h)...(E —%A,,)

urtl __ ur
T

—Aw+ (E - %Al) L (E —~ %A,,) F,. (9.5.75

By expanding it into series with respect to T we have

yrtl u* un + untl 2 yrtl ”
— U
=A @(_.__) +

T 2 T v

+ (E—-%A,)...(E —%A,,)Fn, (9.5.8)

¢=2AIAJ—%Z AiAjAI:+"'+
1<y i<j<k

+ (= 1) (%)"‘*A, oA, (9.5.9)
If we assume that
F, = (E _ %AP)—I. . (E - —;-A])’I/n, (9.5.10)

then we arrive at the following scheme

un-f—l__un —Aun+un+1 2 ¢(un+1—u"

A =) + fu (95.11)

which is of the second order of approximation in ¢ with respect to
scheme (9.5.1).

I’n' the case when eigenvalues of operators A, are negative, the
§tab111ty of Egs. (9.5.3) and (9.5.4) is proved to follow from the stabil-
ity of Eq. (9.5.1) by the method described in Sec. 9.4.
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9.6 The method of establishing the steady state

The majority of iterative schemes for the solution of the steady
boundary value problems for the steady equation

Lu—-f=0 9.6.1)

(L is the elliptic operator) are integration schemes of the corresponding
unsteady parabelic equation

2% _Lu-—f. (9.6.2)

It is evident that the iterative process reproduces the established process
of the unsteady difference solution which in fact is an approximate
solution of Eq. (9.6.2). However, such a correspondence between the
iterative process and the evolution in time of the solution for Eq. (9.6.2)
is not necessary. Eq. (9.6.1) can be introduced into the corresponding
equation of a more general structure

,l%%%%)=Lu—f, (9.6.3)
where the operator P[u, (6u/dtf)] has the form of matrix which acts
on the vector [, (0u/d?),..., (09u[9t9)]. The operator Plu, (du/d?)]
is called the relaxation operator and it can be of very general structure,
provided Eq. (9.6.3) defines a steady regime for an arbitrary solution
of Eq. (9.6.3). Schemes of such a nature were analyzed in works of
V. K. Saul'ev [27], N.N. Vladimirova, B.G. Kuznetsov, and the
author [74] and were given in Ch. 4, 5, and 8 of this monograph. As
was indicated in Sec. 8.1, the relaxation operator P[u, (8u/d#)] can
also depend on the point x5, ..., %, and this accelerates the rate of
convergence. The relaxation operator is introduced directly into the
iterative scheme. Let A be the approximation of operator L. Consider
a universal representation of the two-layer iterative scheme (see [87])

M”+1 — ur -
BG____)=Aun_f (9.6.4)

T
with the indeterminate operator B which can also depend on the index #

of the iteration. It is clear that scheme (9.6.4) satisfies the condition
of complete consistency and is strongly stable, provided

IC] =|E++BtA] <1—-¢ &>o0. (9.6.5)

At present two methods for the construction of iterative schemes
based on Egq. (9.6.4) are formulated.

The method. of the majorant operator which was suggested by
E. G. D'yakonov [46, 47] consists of the replacement of operator A
by an operator B, which satisfies the condition

Og(Bu,u) < (Au,u) <6,(Bu,u), (9.6.6)
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where d and 6, are positive constants. Then equation

‘ Buyrtl = Bu* + v(Awt — f) (9.6.7)
can be solved with respect to #**1 at given " by iterations. In order
to simplify the realization B should have a simpler structure than A.
Thus, if
A = A11 + /122 + 2“12 A12)
B = /111 + Agg.

In the method of the stabilizing operator (see [51]) it is assumed
for simplicity of realization that operator B is factorized

B=B,...B,p, (9.6.8)
where operators By, ..., B, can be inverted in order and operator C

from Eq. (9.6.5) is strongly stable. In particular, operators B,, ..., B,
could have the form

then

E—-14,

and in the case of non-positive operators A,, they can be inverted in
order. Notice that it is not absolutely necessary to satisfy the condition

P
>d,=A.
s=1

The condition of strong stability (9.6.5) is the only condition. The follow-
ing multi-layer iterative schemes

B () w4 B (L)t 1B, (2efur = A k) 069)

with indeterminate operators B, ..., B, can be considered. Scheme
(9.6.9), for any operators By, ..., B, will fulfill the condition of
complete consistency.

The method of the stabilizing operator can be used for the derivation
of schemes of higher accuracy and also in the case of equations with
variable coefficients. The first schemes of the stabilizing operator type
were derived by A. A. Samarskii [63, 64] and E. G. D’yakonov [90, 95].



Chapter 10

The Method of Weak Approximation and the Construction
of the Solution of the Cauchy Problem in Banach Space

10.1 Examples

Up to this point the method of fractional steps was considered as
a method for the construction of economical difference schemes. Let us
now show that the method of fractional steps can also be applied to
differential equations. In this case the method can be considered as
the method of a weak approximation of special type. We start with
the simplest examples.

(i) For the Cauchy problem

ofy=1, 0 =0, (10.1.1)
the difference scheme of fractional steps is applied
Aoy (10.1.2a)
T
L“LT’—’LW =0, (10.1.2b)
X = 0. (10.1.2¢)

The corresponding scheme in whole steps is
ﬁt;’-”- =1, x°=0. (10.1.3)
" It follows from this that Eq. (10.1.2) produces an exact solution of
problem (10.1.1). Scheme (10.1.2) can at the same time be interpreted
as follows: at the first half step (10.1.2a) we solve the equation
1 dx
E-_dT = 1. (10.1.43)
At the second half step (10.1.2b) we solve

1 dx
5 9r=o. (10.1.4b)
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In a whole step we solve the equation

'fl—f = f(r,8), =0, (10.1.5)

where the function f(z,?) is determined in such a way that
fx,t)=2, nr<t<(n+ 3},
@ =0, (E+Pr<ti<n+1)7.
Fig. 15 shows comparisons of the function f(f) =1, f(v,t) and of the
solutions x(f) of Eq. (10.1.1) and %(z, %) of Eq. (10.1.5).

f X

f=flz f)
—t ey | /) ;
4

/
/

/7

A el
f-ri x=x(r,/)// ex )
4

feflz.t)
J |
2 T 31/l It ¢ /2 v 3v/2 v 5¢/23r ¢

Fig. 15. Comparison of functions f(f) =1, f(z,¢) and of corresponding
integral curves x(¢), x(z,?)

It is easy to see that the function f(r, ) converges to the function
1) =1 weakly, ie.,

tz
[[fz.s) = f(9)]1ds >0, 70, 4,1, arbitrary. (10.1.6)
t

At the same time the corresponding solution of Eq. (10.1.5) converges
strongly to the solution of Eq. (10.1.1).
(ii) For the Cauchy probiem
dx

S tex=0, =x(0)=1, a>0o, (10.1.7)
we apply the difference scheme
2+1/2 __ 4n
2 ¥ yax=o0, (10.1.8a)

T
antl  gmt /2

- =0, (10.1.8b)
20 =1, (10.1.8¢)
Scheme (10.1.8) can be considered as the solution of equation
d
S +amf)x=0, (0 =1, (10.1.9)
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where
a(r,t) =2a, nr<t<@n+P7;

(10.1.10)
alt,h) =0, (M+Pr<t<@m+1)7,

a(r,t) approximates weakly a(f) = a in the sense of Eq. (10.1.6); the
solution of Eq. (10.1.9) converges strongly to the solution of Eq.{10.1.7).
(iii) Consider the Cauchy problem for the transport equation

ou ou ou
at 0%y L2

=0, ©#(%,%,0) = uy(x, x2). (10.1.11)

The solution of this problem is ‘
%(xl, X9, t) = uo(xl —_ t, Xg — t) = T_l(t) T_z(t) uo(xl, xg) N (10.112)

where the displacement operators T_;(f), T_,(f) have the following
meaning
T_1(0) { (%1, %) = (%1 — £, %2);
Too(t) f (%1, %2) = f(%1, %2 — ).
Thus, the solution operator S{¥) of Eq. (10.1.11) is ,
S@) = T_a(t) T_1(2). (10.1.14)
While preserving the function of initial data u(x;, %2, 0) = %o (X1, %2)
replace Eq. (10.1.11) by the equation with “oscillating” coefficients

(10.1.13)

ou ou ou
55 tht) g+ k@) 5-=0, (10.1.15)

where
fl(r,t)=2; ez, ) =0, nT<t<(n+P7;
hE, B =0; fE,)=2 ®+HhHr<t<n+1)7T.

The solution of Eq. (10.1.15) in the interval from n7 to (» + 1) 7 is
equivalent to a successive solution of equations

(10.1.16)

ou du

and
% + 2;’—: =0, m+Yr<t<@+1)7, (104.47b)
respectively.
The transfer operator of Eq. (10.1.17a) is equal to
S (t + 5 t) =5 (-;—) = T_,(). (10.1.182)

The transfer operator of Eq. (10.1.17b) is equal to
S, (t + t) =S, (%) = T_5(7). (10.1.18b)
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Consequently for the transfer operator S,({+ 7,7 = S,(v) of
Eq. (10.1.15) we have .

50 = $:(2) 8 (£) = Toa) 7o) = S0,

where S(7) is the transfer operator of Eq. (10.1.11).

Eq. (10.1.15) approximates weakly Eq.(10.1.11), and the operator
S (¢, 0) of the solution of Eq. (10.1.15) approximates strongly the solution
operator S(¢,0) of Eq. {10.1.11) and it coincides with the latter for
t=n7.

(iv) For the equation of heat conduction

2 2
ou _ou , ou (10.1.19)

at ax3 ox3

the following equation with oscillating coefficients is derived

% = (1, 1) ‘;2—;; + a7, 1) zz—x’é (10.1.20)
where
(T, ) =2; a(r,0) =0, nr<ti<(»n+ Y=, (10.4.21)
a(r,t) =0; a(r,t)=2, @H+PHrT<t<(@n+1)7.
Then again we establish without any difficulty that
S@) =S, (%) S (-;-) = S.(v), (10.1.22)

where S (z) is the transfer operator of Eq. (10.1.19); S;(z) is the transfer
operator of equations '

ou %u

—-a—t—=2—a—x-?', 1=1,2; (10123)

S;(t) is the transfer operator of Eq. (10.1.20)1. Let us introduce now
the idea of weak approximation for differential operators of general
structure.

1 An analogous interpretation of the scheme of splitting was presented
in [36, 13, 79, 84, 91]. In [92] a generalization of the a.d. scheme is
given for spatial differential operators. In all these papers the transforma-
tion from one fractional step to another is discrete, i.e., the authors arrive
at difference schemes. Interesting splitting schemes were proposed for
various problems of mathematical physics in {105, 108]. Undoubtedly,
there exists close relation between splitting and the theory of semigroups
[109—111].
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10.2 A weak approximation for a system of differential equations
We start with the definition of weak approximation of a function.

Definition. A set of functioné fo(%, t) approximates weakly the function
f(x, 1) with respect to t in the interval [0, 1], provided

[T, 9) = 15, 5)] ds = 8(x, t,,7) (10.2.4)

and 8] = 0 as T — 0 for any t,,t, [0, T].

A set of linear differential operators L. (f) approximates weakly the
operator L (£) with respect to ¢, provided a weak approximation exists
for the coefficients. It is obvious that an analogous determination of
a weak approximation can be introduced for each space variable.
However, we consider here only a weak approximation with respect
to ¢ and one of a special type. For brevity we speak below about
operators L, instead of a set of operators.

Let '

e

be a system of the type considered in Ch. 1 for which the Cauchy problem
is set and which is well posed in the sense of Sec. 1.1 :

u(x, 0) = uy(x). (10.2.2")

Let
L=L+Ly+---+1L, (10.2.3)
be a representation of the operator L as a sum of operators Ly,....L,

of simpler structure, generally speaking, than the operator L. Consider ’

the operator
L=, ) Ly + oot ) Lo+ - + ap(r, ) Ly, (10.2.4)

where the function «,(t,?) is determined in the following way:

a,(t,8) = P O (10.2.5)
if
P —1 1T
te(nr+ 2 r,nr—l—T]. (10.2.6)
Here
5, =]l T (10.2.7)
“““lo, i+s, i,s=1,...,p. -

It is not difficult to show that the operator L, approximates weakly
the operator L. Along with system (10.2.2) we also consider the system

2 =Lt fe, (10.2.8)
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where the function f, can approximate f both weakly and strongly (in
particular to coincide); and the operator L, is determined by Eq.(10.2.4).

What should we understand by the solution # = u, of the Cauchy
problem

U (%, 0) = 2y () (10.2.8")
for Eq. (10.2.8)?
Let u.(x, ¢) be the solution of the Cauchy problem for the equation
% =pLu

in the interval 0 < ¢ < 7/p with initial data « (¥, 0) = #,(x). Determine
now u,(x, £) in the interval 7/p < ¢ < 27/p as the solution of the Cauchy
problem for the equation du/dt = p L, » with initial data u(x, 7/p)
= %, (%, 7/p). In an analogous way ., (x, #) is determined in the interval
——17 < ¢ < 7 as the solution of the Cauchy problem for the equation

duldt = p L,u with initial data

u(x,P;1 -r):u,(x,P;1 1).

After this the process of determination of functions w, is repeated.
Function u,(x, ¢} constructed in this way, by calculation, is the solution
of the Cauchy problem (10.2.8) and (10.2.8").

We introduce the following notation:

S(t:, 1) is the transfer operator of Eq. (10.2.2);
S.(#:, ;) is the transfer operator of Eq. (10.2.8);
S;(%2, %) is the transfer operator of the equation
1 ou .
?-ﬁ:Liu, i=1,2,...,ﬁ.

Then from the construction of the solution #, we establish the
relation

&@+nn=a@+1J+P;‘ﬁx

,xs,,_,(t+f’P Lo t+ p;Z‘r)...Sl(t+—;-,t). (10.2.9)

In conformity with the property (10.2.9) the system (10.2.8) is called
the factorized or split system. Our aim is to compare properties of the
operators

S(te, t1), Sefte, t), Silta, ).

Let us first introduce several definitions. We determine firstly the
extended system. Let the operator L be

L=3a,. ..Dr. ..Dm. (10.2.10)
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1
We introduce for consideration the vector » with the components
P* = pov-som = DI Dyt u = D*u, (10.2.11)

where the combinations o = (0, ..., «,) are taken in Eq. (10.2.10)
and where the set (0, . . ., 0) corresponds to the initial vector % = p%---°

Apply the operator D* to Eq. (10.2.2)
Daia’t.‘_ = %D“u = -—p“ =D*(Lu) + D*f. (10.2.41")

Using the differentiation rule
Di(ap?) = D;apf + a D; $F,
where a is a certain matrix coefficient; p# = pfr>--+fm; expression
(10.2.11') is transformed into
ap* 1
2 —pu+ D, (10.2.12)
where /* is some differential operator.

After combining Eqs. (10.2.12) we obtain the system

1
au 1 1

Sr=Lu+i. (10.2.13)

System (10.2.13) is called the first extended system which corresponds
to system (10.2.2), or simply, the first extension of the system (10.2.2).
An example of such a system is shown below.

Consider the equation

ou du '
W+§‘¢1‘,‘—'W—O, o« =1,2. (10.2.14)

Assuming that $'= du/dx’ and differentiating Eq. (10.2.14) with
respect to x¢ we obtain

apt 3a, du 9 ;o =
W+§ T ar 2 @z =0, T,0=1,2. (10.2.15)

After the introduction of the vector u = (u, 1, % Egs. (10.2.14) and
(10.2.15) can be represented as follows

an 11
2 =Lu, (10.2.16)
a
Za,,;;u— ) 0 0
1 da, ‘ ‘
L=— 1257 a,,.x 2a aaxa 0 . (10.247)
da, @ —~ a
22T 0 2y
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In the particular case when the coefficients are constant, any derivative p*
1

satisfies the same equation as function #; the operator L has diagonal
form

L L oo
L=|o L of, {(10.2.18)
0 0 L

where the operator matrix (10.2.18) acts in the space of components of

the vector u s
As before, we obtain for u u the second third etc., extended systems

while constructing vectors u = {p*+8}, u = {p>*+B+r}y, ..., where §,7,...
go through the same combinations as «. The 4-th extended system can
be presented as

ou

k k k

-~

It is easy to establish that the following representation corresponds to
Eq. (10.2.3)

k k k
L=L+-+1L, (10.2.20)
and the operator
k k k
Li=yLi+ - +x,L, (10.2.2)

corresponds to operator L,. Thus, along with system (10.2.8) the follow-
ing extended system is considered
2u

k k k
—7=Leu+fe (10.2.22)

We define the symbols:

k

S(t2, %)) is the transfer operator of Eq. (10.2.19);
k

Se(#3, %) is the transfer operator of Eq. (10.2.22);
k

fe kK

Si(ts, ;) is the transfer operator of the equation.;_7 %ﬁ L;u.

The following relation can be established
k K b—1
S,(t+r,t)=5p<t+r,t+ 7 r)x

k : k
p—1 p—2 z ) 10.2.2
xSp_l(t+ 7 T,t+ 5 r)...S,(t+P,t.(0..3]

Eq. (10.2.23) can be formulated in the following manner: the facto
rization of an extended system is a factorized extension. In other words -
operations of extension and factorization are commutative.
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The extended Cauchy problem corresponds to an extended system.
For this it is sufficient to assume that

P = D*uy, pg*e = Dotby, (10.2.24)

etc. The Cauchy problem for systems (10.2.2) and (10.2.8) and their
extensions are denoted by ok
I1,I,,1,1,.

It is also assumed that problems I and I, are determined in the same
k k
Banach space B, problems I and I, in corresponding Banach spaces B.

For example, a norm in B can be determined in the following way:
”u"%k _ Z ” pa1+a,+...+ak "%.
Kygeesy Ok

Definitions of several properties of solutions of uniformly correct
systems are given below. (In Lemma 1 and 2 we consider homogeneous
problems.)

Lemma 1. If the system (10.2.2) is uniformly correct, then the solution
u (f) is uniformly continuous. '

Proof. Because of the continuity of operator S(t + 7, ), the function
u(t) is continuous with respect to ¢ for any ¢ within the interval [0, T].
According to Cantor’s theorem #(f) is uniformly continuous. []

1

Lemma 2. If (a) problems I and I are uniformly correct and (b) coef-
ficients a, are uniformly continuous with respect to t, them expressions
dujot and L u exist and are uniformly continuous with respect to t, satisfy-
ing the equation qu

'W:L%.

1
Proof. The vector u(f) = {p=(f)} exists for arbitrary fe[0, T].
Consequently, expression g(f) = L u = D a,(f) p*(f) also exists for
te0, T]. According to Lemma1, $*(¢) is uniformly continuous as

1
the component of the uniformly continuous vector #(#). Considering
the condition of Lemma 2 we see that L # is uniformly continuous.
From the definition of the generalized solution we have
u(t) = imu(e, ), -0,

where the limit is uniform with respect to ¢ in B;, and u(e, ¢) is the
analytic solution of I which belongs to B,. They satisfy

D Lo ue,y, - (10.2.252)
wie, t+7) — ue, ) = }TTL(B)u(e,O) 6. - (10.2.25b)
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Proceeding to the limit in Eq. (10.2.25b) with the norm B, = B

we obtain
i+t

wit +7) —ult) = [ L(6) () db. (10.2.26)

Since L (#) u(¢) is uniformly continuous, then

ul{t + v) — u(f) du(t)
T —> at

=L{H)ul

and d%/d¢ is uniformly continuous. The lemma is proved. []

1
Lamma 3. If (a) I and I are uniformly correct; (b) uge€ By, then
[(8) € By and is uniformly continuous with respect to t, then formula

t
u(t) = S(t,0)ug + [ S(t,6) f(6) a0 (10.2.27)
0
produces the solution
Z—Z‘ =Lu+f (10.2.28)
with initial data
%(0) = #,. (10.2.29)
Proof. Examine first the properties of functions
F(t,0)=5¢0170). (10.2.30)
For fixed 6, F(¢,0) is the solution u(#) of system I
ou
7 =L

with initial data u(0) = f(6). According to Lemma 1, F(¢,60) is uni-
formly continuous with respect to ¢ in B and B,. Let us evaluate in
the norm of B in the difference

F(t,04+ k) —F(¢,0)=S(@¢,0+h[f0+h—S(,07(0)
=S¢ 0+ n[fO+h—[0)]+
+[SE 0+ k) — S 6)]10)
=S¢ 0+ h[f0O+h-—-f0]+
+ SE,0+R[E—-S@O+40170). (10.2.31)
The first term in Eq. (10.2.31) approaches zero as k — 0 uniformly

with respect to 6 because of uniform continuity in f(6). Evaluate now
the second term. There we have

[E—-—S@O+r01f0)=—[FO+h,0 —f0)].

According to the properties of F(¢,0) this term approaches zero as
h — 0 for any 6.
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Consequently, the function F (¢, 0) is continuous with respect to 6
and this means that it is uniformly continuous within the segment

t
[0,%], and the integral F(f) = f F(t,0)d0 exists in B. It is shown
¢

analogously that it exists in By also.
Consider the difference
(it +1) —u(t) =S¢+ 7,0 —SE 0)]u +

t+T i

+ [ St +7,0)f6)d0 + [ [S(+7.6) — S(,6)]/(0)(6) 40

t+7

=[St+7,8) — E]IS(,0)0ug+ [ St +7,0)/(6)d6 +

+ ft IS¢+ 7,7 — E]1S(,0) 1) 49. (10.2.32)

0
Using the expression (10.2.27) we can transform Eq. (10.2.32) into-
t
wlt + 1) —ult) =[S¢ +7,0 — E}[u@) — [ S(¢,6)/6)d0] +
0

t+7t t

+ [SEt+7,0/0)40 + [[S¢+7,9) — E]S(,6)/(6) 48
t [1] .

t+T

=[St +7,8) — Elu() + [ S¢+7,0)/(6) a0 +

+ [ (S +7.0) — E]S(,0)1(6) a0 —

0

— [S¢+ 1,8 — E] f S(t, 6)f(6) d6. (10.2.33)

The last two terms in Eq. (10.2.33) can be cancelled and division by 7
results in

t+7
u(t +1) —u() = [S¢ + .t — E] u(t) +i_rf5(t+‘t',6)f(0)d0'.

T T
t

(10.2.34)
According to Lemma 3 F(¢,0) € B;; F(¢) € B, and consequently
u(t) = S(¢,0)u(0) + F(f) e By,

because :
U (O) € Bl .
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But then

t+r

[S(t + rT, D= E] 4 = %fL(e) U (6) 49, (10.2.35)

12
where U(f) is the solution of the Cauchy problem
au (6)
a0
Since L(8) U(0), S(¢ + 7, 6) /() are uniformly continuous, then using

the mean value theorem and proceeding to the limit in Eq. (10.2.34) as
7 — 0 we obtain

=LOU®B), UH=ul), t<0<t+r.

A
A

4
24— Lyu) +10.

The initial data are satisfied because of Eq. (10.2.27) and the lemma
is proved. ]

Formula (10.2.27) has a meaning even then when «(6) e B, f(6) e B
and the problem I is uniformly correct. In this case it can be used as
a basis for the determination of the generalized solution of problems
(10.2.28) and (10.2.29).

From Lemma 3 we obtain

Corollary. If the problem I is correct, then the solution of problem
(10.2.28), (10.2.29) depends continuously on the right-hand side of f
(correct with respect to the right-hand side). Verification staris from the
relation

l«@] < IS¢ o) |wl + [ ]S 0] |i6)] a0

t
< et Juf + [ese-o |1(6)] 46
[}
Below we take formula (10.2.27) as the solution of Egs. (10.2.28), (10.2.29)
in the sense of Lemma 3.

Lemmas 1, 2 and 3 are valid also for system I,.

10.3 Convergence theorems!

The following theorem can be proved:
1

Theorem 1. If(a) I, and I, are uniformly correct in B and B;; (b} I, is
correct for the right-hand side; (c) L;u is umiformly comttnuous with
respect to ¢ for the solution w(f) of problem I; (d) wu,e By, then u(f) ts
the only solution of I which satisfies conditions (c), (d); and u.{f) converges
strongly to u(t) at v — O uniformly with respect fo t.

1 This section is based on works by G.V.Demidov and the author
(88, 89].
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In other words, if the factorized initial and first extended systems
are correct, and the solution of the initial system (10.2.2) is sufficiently
smooth, then this is the only solution and the solution of the factorized
system converges to it.

Proof. Let u(t) be the solution of the problem I with initial data
ug € By, u.(f) is the solution of problem I, with the identical initial
data #,. The function

v(t) = u, (t) — u(t) (10.3.1)
is the solution of the problem
G7=Lev+ (L= L)u(), () =o0. (103.2)

Due to Lemma 3 »(#) is calculated from

V)= [ S0 L~ Du®)db = S v, (1033
where ,
) = S,t,ﬂ i ,0 ,~0 d0,
() = J 5:6,0) (7. 0) 9309 054
ei(r, 0) = oi(z,6) —1;  @i(6) = L,(6) u(6). .
Lett=mn7 + z‘;1r+n, Ogrls%. ’Then

’
nr+i=teny

2 nt
f-J+ ]
0 0 nt
Because of the uniform correctness of the problem I, the second integral
is of order O(z) uniformly with respect to #. Therefore it is sufficient to
evaluate integral v;(f) at ¢ = #n 7. For v; we have the expression
n-1k+l)7

v () =3 [ St 0)e(r,0) ¢:(0) 46

k=0 j7

ne1 (k+ifp)r

» .

=3 3 Selt, 0) (v, 6) 9:(6)d6.  (103.5)
k=0 J=1 k+j—_—1)r

(-

Taking into account Egs. (10.2.5) and (10.3.4), the following expression

is. valid for g;:

ei(v,0) = po;; — 1, ee[(k 41 > ! >r,(k + —;;)z] (10.3.6)
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From this for v;(f) we have
ok g G y -
v (?) —go ,21 (“jé)r[s,(t,o + = )%(0 +— 1) -
P

~ S (¢, 6) 9:(0)] dO. (10.3.7)

We see that the evaluation of v;(f) is reduced to the evaluation of an
expression of the type
a+hy

[ [S:(t,0 + ho) 9(6 + hs) — S, (t,) @(6)1 46 (10.3.8)

for a uniformly correct operator S,(¢, 6) and for a uniformly continuous
function ¢(f) with respect to 6.
Expression (10.3.8) can be represented as the sum

a+hy
[ [Sc(t,0 + ko) — Sc(¢,6)] @(6) 46 +
a+hy
+ [ St 0+ k) [p(0 + ha) — @(6)] 6. (10.3.9)

Because of the uniform correctness of S,(¢, 6) and of uniform continuity

of ¢(f) the second term of Eq.(10.3.9) is of order 4; x(h;) where
o (he) = 0 as hy —» 0 and the expression

e Sl ) oo 20 -niof
p

is of order «(r) with respect to the norm.
Let us evaluate the first term of Eq. (10.3.9). Assume, for simplicity,
that %, is positive. Then using the relation

Se(6,0) = S;(t,0 + hy) S;(0 + £y, 0), (10.3.10)
expression (10.3.9) can be transformed into
a+hy )
f S:(¢,0 4+ he) [E — S, (0 + hy, 6)] @(0) d6. (10.3.11)

Consider the expression .

[S:(0 + 52,0) — E] p(0). (10.3.12)
Let U(f) be the solution of the Cauchy problem

aU

Then Eq. (10.3.12) is no other than U(0 + &) — U (). If ¢(6) € By,

then we have
: 0+hy

U@ +h)-U®O)= [ L UL
[*]
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0+hy

Because of the correctness of I, L, U exists, is bounded and f L,pdd
= O (h,) uniformly with respect to ¢, 7.
Thus, the integral
a+hy
[ 1S:(t,6 + hs) — S.(t,6)] p(6) 46

for ¢ (0) € B, is also of order O (k, k) and consequently for ¢ (6) € B; the
expression

no1 p HilPYE P
Lp=3 5 f [s:(t. L 2) — 5.(0.)] 9:(6) 0
(k+"-1)‘r (10.3.13)

is of order O(r) with res;)ect to the norm. I; can be considered as a set
of operators I, (z) which operate on the function #(#). Since

[1:(x) @:]| < C(T) max|L;w|, (10.3.14)
then for u# e B1 and ¢; € B, the set of I, (7) is uniformly bounded. Since
ueB,, |I(7) | = 0, then according to the theorem of Banach-
Steinhaus I, (t) converges to the null operator, ie., for ¢; = L;u € B0
the expression I,(t) - 0 as 7 — 0.

P
Noting that » = 3 (I; + I;) ¢; we arrive at the final estimate

[»@] - o .(10.3.15)
as 7 — 0. Theorem 1 is thus proved. (]

Notice that for equations with constant coefficients it is sufficient
that problem I, be correct, and the conditions for Theorem 1 reduce to
those of sufficient smoothness of the initial data. This is valid for all
equations in which the correctness of the extended system follows
from the correctness of the initial system.

Theorem 1 proves strong convergence of the solution #.(f) of the
factorized system (10.2.8), with oscillating coefficients that weakly
approximate the system (10.2.2), to the solution % (£} of system (10.2.2).
In addition, we can deduce the existence of the solution and correctness
of system (10.2.2) from the existence f the solution of the factorized
system (10.2.8) and give a constructive definition of the transfer operator
S(t;, ) by means of the operator S.(f,¢). This statement is valid
because operator S.(f;,?;) is represented as the product (10.2.9) of
operators of much simpler structure.

Thus, the integration of Eq. (10.2.2) is reduced to the integration
of a system of much simpler structure.

We can prove the following theorem:

2
Theorem 2. If problems I,, I, and I, are uniformly correct, then (a)
u. (f) converges umiformly to function u(t) = S{¢, O) uy with respect to ¢
as v — 0; (b) operator S(ty, t,) is uniformly correct.
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Proof. According to the conditions of the theorem we have

k .
[Sct, )] <est-t, o<t <t <T, k=0,1,2,  (103.6)

where the constant « does not depend on 7, #, and .
Let w, (#), u.,(f) be the solutions of problem I, which correspond
to 7 =1, and T = 1, as uye B,. The function

Rh ol V(E) = e, (t) — us,(2) (10.3.17)
is the solution of the problem
v
7 =Lav+ (L, —L)u, 0<t<T, (10.3.18)
v(0) = 0.
For v(¢) we have
t
v(f) = f Sz, (¢, 0) (Le, — Ly) . (6) d6. (10.3.19)
0
v(#) can be represented as
v(t) = I + I; 1

fs,lt 0) [L — L. ] u.,(6)do;
_ (10.3.20)

I, = f Sty (t,0) [Le, — L) us, (6) 46.
(1]
Evaluate now the norm of I, (the norm of I, is evaluated analogously)

p [2
1, =-21 [ Se(t,0) & @i (8) 26;
mle (10.3.21)
& = 0ai(v2,8) —1; @;=1L;u,.
As in Theorem 1 we can assume that ¢ = % 7, because the neglected

part is of order O(ty). When I, is transformed as was done in Theorem 1
we have (k+lp),

[Se.(t.0+ 2

(k-f%)‘ta

x ¢,(0+ > 12)—S,l(t,0) @; 0)] 6.  (10.3.22)

Considering the fact that ¢;(0) € B, and constructing a bound as in
Theorem 1 we obtain

Il =), L] =a@), [v0] <a@m) +a@). (103.23)
This means that the sequence u,(f) is fundamental and converges
strongly to u(f)e B as T — 0; at the same time the convergence is

Tz) X
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uniform with respect to ¢. In other words, the sequence of functions
S.(t. 0) ul0) converges for u(0)eB;. Because B, is dense in B
and S, is bounded everywhere the conditions of the Banach-Steinhaus
theorem are fulfilled. Because of this theorem a bounded operator

exists (see [72]) S(ts, ) = li._,ni)s' (t, t).
Due to the uniform correctness of operators S,(fs,?) the operator
S (s, %)) satisfies the uniform correctness condition

IS )] < exrmd

with the same exponent «.
Let us show that the convolution condition (semi-group convolutlon)
is satisfied
S, t) = S(ts, ) S(tz, ta). (10.3.24)
We have
S(ts, t2) S(ta, t1) — S(ts, t1) = [Sx(tss fa) — Slta, )] +

+ [S(ta, ta) — Selta, 22)] Sclfe, 1) + Sts, te) [SCe, t1) — Se(fas 2)]-
(10.3.25)

Proceeding to the limit in Eq. (10.3.25) as 7 — 0 Eq. (10.3.24) is obtained,
and this is precisely what we wanted to prove. Finally, let us prove
that the condition of a continuous joining is also satisfied. We have

u(®) - w©)] <|u@) — u(®)| + |uc®) —u(©)]. (10.3.26)

Because |u(f) — %.(f)| — 0 is uniform with respect to ¢ as 7 — 0,
then 7, is selected small enough to satisfy

lu®) - w)] <= (10.3.27)

for v < 1, for all ¢.
For fixed 7 it is necessary to select #, to be sufficiently small that

e (8) — w(0)]| < g (10.3.28)
for ¢ < 1,. It follows from Egs. (10.3.26), (10.3.27) and (10.3.28) that
#@) —u(@)] <& (10.3.29)
for ¢ <t,. Then Theorem 2 is proved. []
k
Theorem 3. If problems I. (k= 0,1,2,3) are well posed, then for
an arbitrary u(0) € By, z:, ) - ';(t) and the limit function u(f) satisfies
equation du[dt = L u and also the initial data.
X :
Proof. In the consideration of I in B, we proceed identically as in

1 1
the case of Theorem 2 and prove that u, converges to #. It will also
be shown that «(f) has a derivative du/d¢ and satisfies the equation
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dufdt = L u. Consider the averaged function
t+7

_ 1
e lt) = - f 4, (6) d6. (10.3.30)
t
The function #,(f) converges to #(f) uniformly with respect to ¢ as

7 -> 0. In fact,
t+7

wll) = i) =5 [ @) - w6140

i+t t+v

=L [ @ — w140 + L [ ()~ u O)140. (10331)

The function « (¢) is uniformly continuous within the interval 0 <¢ < T
because it is 2 uniform limit of the uniformly continuous functions
#%.(f). Consequently, the first term in Eq. (10.3.31) approaches zero as
7 — 0 uniformly with respect to #; the second term approaches zero
with respect to ¢ because of the uniform convergence of w,(#) to (f).

Thus, u(t) — @ (t) > 0 (10.3.32)

as v — 0 uniformly with respect to 7. In a similar way it is proved that

1 1 1 1
[5@) —u@)| = [|u—u@]~o0 (10.3.33)
as v — 0 uniformly with respect to ¢. Thus, i, (¢) together with derivatives

p“ﬁ, converge to #(f). Application of averaging to equation I, results -
in

e = L, + £,(0), (10.3.34)
where
fet) = 5 [ Le® @ - L) & (@140 (10335)

t+7T

LA
£ () =21_T_f[a,(r 6) L;(6) u (6) — L; @, (t)] 46
D

2 [L — Li(¢) #: ()] 40, (10.3.36)

where the integratlon in the last integral takes place in the subinterval
of length 7/p where «; # 0. This integral can be transformed as follows

j [L:(0)u, (6) — L;(t) @ ()] 46
=fuwmwwdmmm1w+fawmm—%@wacmwn






